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Preface

Ideas of functional analysis and differential geometry often stick together. It
thus happens in various fields like complex analysis, the theory of partial dif-
ferential equations, or in representation theory of Lie groups. In the present
book we focus on the influence which certain techniques and ideas of differ-
ential geometry have upon operator theory and upon the theory of operator
algebras. The literature devoted to this subject is quite extensive, as a look
at the reference list of the present book will convince anyone. However, with
a few notable exceptions, the corresponding literature consists only of journal
articles. One of the exceptions to the rule is the exciting book by Pierre de la
Harpe, Classical Banach-Lie algebras and Banach-Lie groups of operators in
Hilbert space (Lecture Notes in Mathematics, vol. 285, Springer-Verlag, 1972).
Another exception is the impressive monograph by Harald Upmeier, Symmet-
ric Banach manifolds and Jordan C*-algebras (North-Holland Mathematics
Studies, 104. Notas de Matemaética, 96, North-Holland Publishing Co., 1985).

In this new book on methods of differential geometry in operator theory
we shall report on several recent developments in order to draw the reader’s
attention to this fruitful field of research. At the same time, we raise the
problem of a systematic investigation of operator ideals from the point of
view of Lie theory. And we suggest that this problem could be approached
by means of an appropriate version of abstract reproducing kernels, which we
call equivariant monotone operators.

We plan to introduce the reader to a circle of ideas where the infinite-
dimensional Lie groups play a central role. With this objective in mind, we
designed Part I of the book as an initiation to Lie theory in infinite dimen-
sions, which could well be used (and we did use it) as a one-semester course
for third year graduate students. Only some familiarity with functional anal-
ysis and calculus is assumed. Part II of the book concerns the geometry of
homogeneous spaces, for instance unitary orbits of operators. In Part III we
investigate orbits of certain unitary groups that are closely related to admis-
sible pairs of operator ideals. We endow such unitary orbits with structures
of homogeneous Kéahler manifolds and formulate a number of questions that
might lead to further developments along this line of research. The material
included in the third part of the book claims its origins from the construction
of the restricted Grassmann manifold in the theory of loop groups.

We hope this book will be useful to advanced graduate students who want to
work on interesting open problems in functional analysis and operator theory.
The book is also intended for professional functional analysts and operator

vii

Copyright © 2006 Taylor & Francis Group, LLC



viii Smooth Homogeneous Structures in Operator Theory

theorists who are interested in symmetry groups of various structures and
would like to get acquainted with the basic principles of Lie theory. Last but
not least, the present text could prove useful to people interested in differential
geometry, by showing the applicability of their methods in operator theory.

I am indebted to many people whose encouragement, questions, suggestions,
or kindly sent reprints greatly influenced me while I was writing this book:
I. Beltita, L. Beznea, J.E. Galé, A. Gheondea, H. Glockner, L. Lempert,
M. Martin, K.-H. Neeb, V.G. Pestov, B. Prunaru, T.S. Ratiu, M. Sabac,
H. Upmeier; and finally G. Weiss. I would like to thank the people from CRC
Press/Taylor & Francis for their help and patience, and particularly P. Board,
C. Brannigan, E. Meany, J. Vakili, K. Craig, S. Nair, and the series editor
R.G. Douglas.

I gratefully acknowledge the partial support coming from grant CNCSIS
no. 1620/22.11.2002.

The author
Bucharest, May 2005
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Introduction

Aim

The first aim of the present book is to provide an introduction to the theory
of certain infinite-dimensional homogeneous spaces that show up in several of
the classical settings of operator theory. Homogeneous spaces are sets transi-
tively acted on by groups. That is, given a set X and a group G, we say that
X is a homogeneous space of G if we have a group homomorphism g — ay
from G into the group of all bijections X — X such that the following transi-
tivity condition is satisfied: for every two points z,2’ € X we have ay(z) = o’
for some g € G. In other words, homogeneous spaces are nothing more than
orbits of group actions. It is under this disguise that the homogeneous spaces
usually show up in operator theory. Thus unitary orbits of operators, func-
tionals, representations, etc., are homogeneous spaces of the unitary groups
under consideration. And what is most interesting is that these unitary or-
bits are often smooth manifolds (sometimes complex manifolds or symplectic
manifolds or both) and carry differential geometric structures that encode a
lot of operator theoretic information.

Many papers have previously been published which describe one of these
manifolds or another (see the reference list at the end of the book). Besides
providing an introduction to the ideas of differential geometry and Lie the-
ory that constitute the background of these papers, we construct invariant
complex structures on certain new classes of infinite-dimensional symplec-
tic homogeneous manifolds, turning the latter ones into Kéhler homogeneous
manifolds in a suitable sense. The main illustration of this construction is pro-
vided by homogeneous spaces of Banach-Lie groups associated with certain
admissible pairs of ideals of compact operators on Hilbert spaces.

The main tool of the aforementioned construction is the notion of equi-
variant monotone operator. Given a real Banach-Lie algebra g, an equivariant
monotone operator is simply a bounded linear operator

g —g

defined on the topological dual g# of g, which intertwines the coadjoint repre-
sentation of g and the adjoint one (equivariance), equals its own adjoint, and
is monotone in the sense that

(Vfeg®)  (f.uf) =0,

where (-,-): g% x g — R is the duality pairing. From the point of view of
Lie theory, it is one of the main themes of the present book that, in some

ix
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X Smooth Homogeneous Structures in Operator Theory

respects, the equivariant monotone operators play a crucial role in the theory
of certain classes of infinite-dimensional Lie groups and their Lie algebras.

Motivation

There are several fields where the existence of invariant differential geomet-
ric structures on infinite-dimensional homogeneous spaces satisfying various
additional conditions is a basic problem. We now mention briefly some of
them, which motivated the present work, and where the results/methods de-
veloped in the present book are applicable.

1. Representation Theory: There is a recent growth of interest in extensions
of the Bott-Borel-Weil Theorem to various classes of infinite-dimensional
Lie groups (see e.g., [NRWO01], [Ne04], [NeO1b]). And the geometric re-
alization of Lie group representations involves complex homogeneous
spaces of the group under consideration. From this point of view, the
representation theory of the groups whose homogeneous spaces are stud-
ied here in Chapter 9 becomes interesting.

2. Operator Theory: A crucial role in the theory of Cowen-Douglas oper-
ators is played by (invariant) complex structures on flag manifolds in
C*-algebras (see [CD78], [MS97], [MS98] and the references therein).
Since the methods of the present paper allow us to construct invariant
complex structures on flag manifolds in arbitrary associative Banach
algebras (in Chapter 6), the foundation is laid for an investigation of
Cowen-Douglas classes of operators on Banach spaces.

3. Theory of Operator Algebras: Several sets naturally associated with an
operator algebra have structures of smooth homogeneous spaces: the
unitary orbits of conditional expectations, unitary orbits of representa-
tions and so on (see Chapter 4 in the present book for more examples).
And one can exploit the differential geometric properties of the corre-
sponding homogeneous spaces in order to distinguish various classes of
operator algebras. Several interesting results were already obtained in
that promising direction of investigation; see e.g., the papers [ACS95a]
and [ArS01].

4. Complex Geometry: There is a rich literature on various classification
problems for complex homogeneous spaces with invariant pseudo-Kahler
structure (see e.g., [DN88], [DG92], [Gu02]). It seems a challenging task
to extend some of the corresponding classification theorems to infinite
dimensions. To this end, it might be worth taking into consideration the
new classes of symplectic (respectively K&hler) manifolds constructed
here in Chapters 6 and 9.

Copyright © 2006 Taylor & Francis Group, LLC



Introduction xi

Some particular tools

Since the constructions carried out in Part III of this book might seem
overly complicated, we note that this is actually due to the key role which the
equivariant monotone operators play in the whole story. What we mean is that
to handle the powerful instrument which those operators provide, one needs
ideas and techniques belonging to various fields and it appears appropriate to
single them out. We briefly comment on the main topics below.

(a) Operator ranges: We develop the needed machinery in Section 7.3. It
combines ideas from the classical theory of operator ranges in complex
Hilbert spaces (see e.g., [FWT71]) and the abstract theory of reproducing
kernel Hilbert spaces (see [Scw64], and also [GG04]). Roughly speak-
ing, there is a tight connection between equivariant monotone operators
and a special type of ideals (“L*-ideals”) of Banach-Lie algebras (Def-
inition 7.12). These ideals are usually non-closed, but they are ranges
of homomorphisms from L*-algebras (whence the name of these ideals)
into the Banach-Lie algebra we are concerned with. The basic observa-
tion is that one can have such ideals, and they play an important role,
even in the case of topologically simple Banach-Lie algebras.

(b) H*-algebras (cf. e.g., [CMMR94]): These are very close to the topic of
operator ranges, since the equivariant monotone operators allow one to
employ the L*-algebras (which are nothing else than Lie H*-algebras)
in the investigation of more general Banach-Lie algebras. A place where
their role is quite prominent is in Chapter 8, where they lead to an
enlargibility criterion in terms of equivariant monotone operators (see
Corollary 8.36). It is noteworthy that, to a remarkable extent, the
properties we need for L*-algebras actually hold for general H*-algebras
(see Sections 7.4 and 7.5).

(c) Weyl functional calculus (cf. [An69], [An70]): This is a rather technical
topic, and we collect in Chapter 5 the facts we need. This chapter is
fairly self-contained, although it is not meant as a systematic treatment
of the topic of Weyl functional calculus and its generalizations. We just
collected the results necessary in the present book, stating them ap-
propriately. Our need for such techniques stems from the fact that in
Chapters 6 and 9 we have to deal with tuples of hermitian operators,
and need the concepts like joint spectrum, spectral subspace, and func-
tional calculus for such tuples. For example, we study vector-valued
symplectic forms in Chapter 9 and one can think of them as families of
scalar-valued ones. In order to construct a complex polarization which
works simultaneously for all symplectic forms in such a family, we have
to consider a “non-positive spectral subspace” for a certain family of
hermitian operators. That is why we develop here tools which replace
the classical local spectral theory used in the case of single operators:
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xii Smooth Homogeneous Structures in Operator Theory

the latter theory suffices when one deals with scalar-valued symplectic
forms (see [Be05a]), but it no longer suffices when one is concerned with
the vector-valued ones.

More detailed description of contents

Part T as a whole provides an elementary introduction to the theory of
infinite-dimensional Lie groups. No previous knowledge of Lie theory is as-
sumed. The few notions we need from differential geometry are reviewed in
Appendix A.

Chapter 1 exposes the basic ideas and notions on topological Lie algebras.
We especially emphasize the Banach-Lie algebras as the most important class
for the applications we have in mind. A fairly complete treatment of the
Baker-Campbell-Hausdorff series is included by using the method of [Dj75].

In Chapter 2 we introduce the notions of Lie group and exponential map.
In the first part of the chapter we deal with infinite-dimensional Lie groups
modeled on locally convex spaces. We strove to explain in detail in Section 2.2
the fact that each Lie group is associated with a certain Lie algebra, which is
critical in order to understand the structure of the Lie group under consider-
ation. In the last part of the chapter we prove a number of basic properties
of Banach-Lie groups (i.e., Lie groups modeled on Banach spaces). Among
these properties we mention the fact that the exponential map provides a local
chart, and the fact that Banach-Lie groups are real analytic (Theorem 2.42).
In the proof of these properties we heavily lean on the results of Appendix B.

Chapter 3 provides an elementary introduction to the phenomena related
to enlargibility of Lie algebras. That is, the question of when a Lie algebra
comes from a Lie group. In the first section of this chapter we prove the
basic theorem on integrating Lie algebra homomorphisms to Lie group ho-
momorphisms (Theorem 3.5). In Section 3.2 we give a proof of the part we
need from the celebrated theorem of N. Kuiper (see [Ku65]) that the group of
unitary operators on an infinite-dimensional separable Hilbert space is con-
tractible. In Section 3.3 we use the corresponding result to construct the
Douady-Lazard example of a non-enlargible Banach-Lie algebra. The rea-
son we include this discussion of enlargibility is that it is closely related to
one of the basic notions introduced in this book (the equivariant monotone
operators; see Corollary 8.36 for the precise statement in this connection).

Part II describes the differential geometric setting that turns out to be
related to a number of quite interesting problems in operator theory. That
setting is provided by the idea of homogeneous space, which is nothing more
than a space that is transitively acted on by a certain group. In order to make
sure that this structure can be described by differential geometric techniques,
we naturally need to have a smooth homogeneous space acted on by a Lie
group.

In the first part of Chapter 4, we introduce the notion of Banach-Lie sub-
group and prove a number of basic results in this connection such as a theorem
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Introduction xiii

on algebraic groups of invertible elements of Banach algebras (cf. [HK77]).
We then define the basic differential geometric structures on a homogeneous
space that are investigated later on, e.g., various types of symplectic mani-
folds. They slightly extend usually encountered concepts (cf. e.g., [Ne04]) in
the sense that we are dealing here with vector-valued symplectic forms. In the
second part of this chapter we describe a number of quite interesting smooth
homogeneous spaces that were discovered recently by various authors working
in operator theory and operator algebras.

Chapter 5 is a technical one and develops several auxiliary facts used later.
It is centered on the notion of quasimultiplicative map, which is an extension
of the well-known Weyl functional calculus for finite families of self-adjoint
operators (developed by R.F.V. Anderson in [An69] and [An70]). Essentially,
we are working with operator-valued distributions on a finite-dimensional real
vector space. The first part of the chapter is devoted to the study of a kind
of spectral subspace (see Definition 5.5 and Corollary 5.11). One of the main
results of Chapter 5 is Theorem 5.14 concerning separate parts of the sup-
port of a quasimultiplicative operator-valued distribution. We then prove
other results to be used, notably, the connection between the supports of
two quasimultiplicative maps which are intertwined in a natural way (see
Proposition 5.18 and Proposition 5.22). We conclude Chapter 5 by important
examples provided by hermitian maps which contain the Weyl functional cal-
culus (Example 5.25) with its special situation of maps constructed by means
of spectral measures (Example 5.26).

Our aim in Chapter 6 is to provide a general method to endow homoge-
neous spaces with invariant complex structures. It turns out that the quasi-
multiplicative maps studied in Chapter 6 constitute a very effective tool for
exploiting an already known sufficient condition for the existence of complex
structures (see Theorem 6.1 below). We record the corresponding results in
Proposition 6.2, Corollary 6.3 and Proposition 6.4 and use them in the last
part of Chapter 6, in order to construct certain suitable complex structures
on flag manifolds in associative Banach algebras (see Theorem 6.18). We thus
extend some results of M. Martin and N. Salinas (see [MS97] and [MS98])
from C*-algebras to arbitrary associative Banach algebras. In Chapter 6 we
also introduce the various types of pseudo-Kéhler manifolds, which describe
the interaction between the symplectic and complex structures on a manifold.

In Part III of the book we introduce the notion of equivariant monotone
operators and explore the way this notion is involved in the local and global
theory of large classes of Lie groups and their homogeneous spaces.

One of the most important points of Chapter 7 is Definition 7.1, where the
equivariant monotone operators are introduced. In Remarks 7.5 and 7.6 we
then discuss the existence of these operators in some simple special cases. In
Section 7.2 we collect some necessary notions involving H*- and L*-algebras.
Section 7.3 concerns a special kind of theorem of factorization through Hilbert
spaces, based on a familiar procedure of construction of square roots of posi-
tive operators on Hilbert spaces. More precisely, if 9) is a real Banach space
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xiv Smooth Homogeneous Structures in Operator Theory

with the topological dual 9# and ¢: P# — ) is a monotone operator, then
L = @ o p* for some operator p: X — 2), where X is a real Hilbert space
and Ran ¢ depends only upon ¢ (Proposition 7.23). We then describe some
basic properties of the map ¢ — Ran ¢ from monotone operators to subspaces
of ) which are ranges of operators from Hilbert spaces into ). The results
of Section 7.3 are more or less well-known (e.g., see the paper [Scw64]). We
emphasize that the key steps and constructions carried out in the proofs of
Section 7.3 are needed later on, particularly in Chapter 8. It is also worth
mentioning that many results included in Section 7.3 claim their origins from
the classical theory of operator ranges (see [FW71]) and from the abstract
theory of reproducing kernels (see [Scw64]). In Section 7.4 we describe the
H*-ideals of real H*-algebras (see Theorem 7.34). The motivation of this
section is the following: it is one of the leading ideas of the present work
that the equivariant monotone operators allow one to use the L*-algebras in
order to understand the structure of more general Banach-Lie algebras and
this is done by means of their L*-ideals (see Chapter 8). In this context, it
is natural to wonder what happens when the object of the investigation is
already an L*-algebra. In other words, what about the L*-ideals of an L*-
algebra? We answer this question in Section 7.4 in the more general/natural
case of H*-algebras. Section 7.5 is a very short one and concerns some basic
properties of the set of H*-ideals of an arbitrary involutive Banach algebra
(not necessarily associative!). Namely, that set is closed under set intersec-
tion (Proposition 7.35) and it contains at most one element in the case of
topologically simple algebras (Theorem 7.38).
Chapter 8 concerns the crucial correspondence

equivariant monotone operators «— L*-ideals

for a real involutive Banach-Lie algebra. The easy part of that correspondence
is settled in Proposition 8.1, concerning the direction from ideals to operators.
The reverse direction proves to be a much more difficult matter and our main
result in this connection is contained in Theorem 8.8. It reads as follows:

Let g be a real involutive Banach-Lie algebra and v: g% — g an
equivariant monotone operator. Then there exists a real L*-algebra
X and a continuous injective x-homomorphism p: X — g such that
L= pow® and Rany is an L*-ideal of g which depends only on .
and is denoted ®(1).

We then develop in Section 8.3 the basic properties of the correspondence
t — ®(1) between equivariant monotone operators and L*-ideals of a real in-
volutive Banach-Lie algebra. We call simply “adequate the Banach-Lie alge-
bras which arise by means of that correspondence, i.e., the algebras for which
that correspondence is surjective. It turns out that several important classes
of algebras are adequate: the topologically simple ones, the L*-ones, and the
elliptic centerless ones (see Example 8.17, Example 8.18, and Corollary 8.27,
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Introduction XV

respectively). The L*-ideals of an adequate algebra constitute a lattice with
respect to vector addition and set intersection (Proposition 8.19). Another
interesting consequence of the aforementioned correspondence ¢ — ®(i) is
that if a topologically simple involutive Banach-Lie algebra possesses injective
equivariant monotone operators, then its automorphism group has a natural
uniformly continuous irreducible representation on a real Hilbert space (Theo-
rem 8.29). We conclude Chapter 8 by an enlargibility criterion for Banach-Lie
algebras. It asserts that if g is a real involutive Banach-Lie algebra possess-
ing injective equivariant monotone operators, then g is enlargible (i.e., g is
associated to some Banach-Lie group).

In Chapter 9 we construct complex polarizations for a class of real Banach-
Lie algebras which we call pseudo-restricted algebras (see Definition 9.4), this
terminology being inspired by the restricted groups and algebras occurring
in the theory of loop groups (e.g., see Section 6.2 in [PS90]). It turns out
that, under favorable circumstances, a pseudo-restricted algebra is naturally
endowed with a vector-valued continuous 2-cocycle (Theorem 9.10). Our main
aim in Chapter 9 is to construct complex polarizations in these cocycles (see
Theorem 9.1) using the results of Chapter 8. We obtain in Section 9.3 a result
concerning positive complex polarizations (Theorem 9.15), extending Theo-
rem 2.10 in [Be05a]. Section 9.5 provides a quick review of some ideas we need
from the theory of operator ideals. Moreover we introduce the notion of an
admissible pair of ideals of B($)) (Definition 9.22). In Section 9.7, we explore
the global consequences of the results of Section 9.3 in a framework provided
by certain ideals of compact operators on a Hilbert space. More precisely, we
construct some new examples of infinite-dimensional symplectic homogeneous
spaces (Theorem 9.29) and Kéhler homogeneous spaces (Theorem 9.33 and
Corollary 9.34).

Appendix A is a collection of miscellaneous auxiliary facts and fundamental
definitions. In connection with the latter ones, a word of caution is in order.
We decided to include definitions of certain very basic and well-known notions
such as Banach algebras, inasmuch as we do not use them with the most
widely used significance. For instance, our Banach algebras will be most
often mon-associative, unlike the usual significance of that term in operator
theory. (See also Remark 7.9(a) for an analogous situation.) Appendix B
includes a development of the differential equations that lead to the conclusion
that in every Banach-Lie group the multiplication is locally expressed by the
Baker-Campbell-Hausdorff series, which eventually leads to the fact that all
Banach-Lie groups are real analytic. We collected in Appendix C a few basic
results from the theory of topological groups that are needed in Part I of the
book.
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Chapter 1

Topological Lie Algebras

Abstract. Lie algebras play a critical role in the investigations
on Lie groups. In the first part of this chapter we define the
notion of topological Lie algebra and present some basic exam-
ples: associative algebras, the skew-adjoint operators on a Hilbert
space, and the smooth vector fields on a finite-dimensional man-
ifold. We then discuss in more detail the relationship between
Lie algebras and associative algebras. In order to do this, we in-
troduce the universal enveloping algebras and state some of their
basic properties. The universal enveloping algebras also provide
the algebraic foundation of the idea of exponential map. That is,
the formal series of elements in certain enveloping algebras provide
an algebraic setting where exponentials and logarithms can be de-
fined. The central result of the corresponding construction is that,
roughly speaking, if x and y are noncommuting variables, then
log(expx~expy) = x+y+%[az,y]+ 1172[“%7 [xayH +$[ya [yax]]+ )
which is a formal series whose terms are linear combinations of
iterated commutators of x and y. That series is called the Baker-
Campbell-Hausdorff series. When x and y are replaced by ele-
ments of a Banach-Lie algebra, the series is convergent provided
|z|| and ||y|| are small enough.

1.1 Fundamentals

The goal of this section is to introduce the topological Lie algebras and to
illustrate this notion by a number of examples. To begin with, we explain
what a Lie algebra is.

DEFINITION 1.1 A Lie algebra over K € {R,C} is a vector space g over
K equipped with a bilinear mapping

gxg—g, (z,y)— [z,y],
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4 Smooth Homogeneous Structures in Operator Theory

such that for all z,y, z € g we have

[z,y] = —[y, 2] (anti-symmetry)
and
[z, y], 2] + [y, 2], x] + [z, 2], y] =0 (Jacobi identity).
In this case, the bilinear mapping [, -] is called a Lie bracket and we define

the adjoint representation of g by
adg: g — End(g), adgz:=[z,-].
Note that the properties of the Lie bracket imply that
(Va,y € g) adgz, y] = (adgz)(adgy) — (adgy)(adgz).

If b is another Lie algebra over K, then a homomorphism of Lie algebras from

g into b is a K-linear mapping ¢: g — b such that ¥([z,y]) = [¢(x), ¥ (y)]
whenever x,y € g.

DEFINITION 1.2 A topological Lie algebra over K € {R,C} is a topo-
logical vector space g over K equipped with a continuous Lie bracket.

If the topological vector space g is locally convex, Fréchet, Banach, or
Hilbert, then we say that g is a locally convex, Fréchet-, Banach-, or Hilbert-
Lie algebra, respectively.

If g and h are two topological Lie algebras over K, then a homomorphism
of topological Lie algebras from g into h is a continuous mapping ©: g — b
which is moreover a homomorphism of Lie algebras over K.

EXAMPLE 1.3 1If Ais an associative algebra over K € {R,C}, then we
always can make A into a Lie algebra with the Lie bracket defined by

(Va,b e A) [a,b] :== ab — ba.

Any subalgebra of that Lie algebra will be called a Lie subalgebra of A.
If A is moreover a topological algebra, in the sense that it has a structure
of topological vector space such that the multiplication mapping

AxA— A (a,b)— ab,

is continuous, then the above defined Lie bracket makes A into a topological
Lie algebra.

EXAMPLE 1.4 1If ‘H is a Hilbert space over K € {R,C}, then
g:={TeBH)|T =-T}

is a real Banach-Lie algebra with the norm topology and the Lie bracket
defined by [T, S] =TS — ST whenever T, S € g. The only thing to be noted
here is that for all T,S € g we have [T,S] € g. Then the fact that [-,] is
indeed a Lie bracket follows according to Example 1.3.

Copyright © 2006 Taylor & Francis Group, LLC



Topological Lie Algebras 5

Topological Lie algebras of vector fields

Let M be a smooth manifold modeled on R™, with a family of local coor-
dinate systems {@n: Voo — My }aca as in Definition A3.3. For all « € A, K
a compact subset of M, and k a positive integer, define

Paici: BM) = Ry parep(v) = sup{]|(2a) (@) | = € K,0 < j <k},

where, for each v € U(M), we denote by U, : V, — R™ the smooth mapping
defined by (T(¢;1) 000 pa)() = (- Tal).

Then each po g i is a seminorm on V(M ), and 0 € B(M) is the only vector
field v € V(M) with pa k. r(v) = 0 for all o, K and k. Thus, the family of

seminorms

{pa,K,k}aeA,kZO,K compact CU,

defines a locally convex (Hausdorff) topology on the vector space U(M). From
now on, we always think of U(M) equipped with this topology.

THEOREM 1.5 The topology of (M) is complete and makes the Lie
algebra V(M) into a locally convex Lie algebra. If the topology of the manifold
M is second countable, then U(M) is in fact a Fréchet-Lie algebra.

PROOF We use the notation preceding the statement. If for each open
subset V of R™ we endow C*°(V,R™) with its natural Fréchet topology, then
the definition of the topology of V(M) shows that we have an exact sequence
of topological vector spaces and continuous linear mappings

0— V(M) [ e*(Va.RY) == ] €=(Van Vs, R,
acA a,fEA

where
(Vv e V(M))  1(v) = (Va)aca

and

@((ga)aeA) = (9a|vamvﬁ - gﬁ‘VaﬁVE)a,ﬁeA
whenever (ga)aca € [] C®°(Va,R™).
acA

Moreover, ¢ is actually a topological embedding, hence V(M) is isomorphic
(as a topological vector space) to Kery. But Ker ¢ is complete as a closed
subspace of a complete topological vector space. Thus V(M) is a complete
topological vector space.

To see that the bracket of V(M) is continuous, note that for all v, w € V(M)
we have, according to formulas (A.2) and (A.3) in the proof of Lemma A.66
that

t([v,w]) = (dﬂa(')wa(') - dma(')ﬁa('))aeA'
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6 Smooth Homogeneous Structures in Operator Theory

Since we already noted that v — ¢(v) is a topological embedding, this formula
clearly shows that the bracket [-,]: V(M) x V(M) — V(M) is continuous.

In the case when M is second countable, the index set A can be chosen
countable. Since each C*(V,,R") is a Fréchet space, it then follows that
V(M) ~ Ker ¢ is a closed subspace of the product of countably many Fréchet
spaces, hence is in turn a Fréchet space.

1.2 Universal enveloping algebras

We have seen in Example 1.3 that each associative algebra can be viewed
as a Lie algebra. In the present section we shall have a closer look at the
relationship between Lie algebras and associative algebras. To this end we
need the tensor algebras introduced in the following definition.

DEFINITION 1.6 Let V be a vector space over K € {R,C}. Then the

infinite direct sum

TOV) =K1+V+VaV)+VeveV)+-..

:{ZInHVnZO) Tp €EQMY =VR® --QV;
n=0 N————

n times

(3N > 1)(Vn > N) 2, = 0}

is a unital associative algebra over K called the free associative algebra over K

generated by V, or the tensor algebra of V. The multiplication in this algebra

is given by ®. However, for the sake of simplicity, we denote = ® y =: zy.
We will also consider the larger algebra of formal series

T(V) = {ixn | (Vn>0) z,€ ®”V}.
n=0

This is a unital associative K-algebra with the multiplication defined by

(éxn) . (;yn) = g(éxkyn_k),

n
Note that for every n > 0 we have Y zpy,_r € "V.
k=0
We also note that

To(V) = {ixn eT(V) |z = o}
n=0
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is a two-sided ideal of ’ZA'(V)

REMARK 1.7 In the setting of Definition 1.6 it is not hard to see that
1+ 75(V) is a multiplicative group.

REMARK 1.8 In the setting of Definition 1.6, the free associative algebra
generated by V has the following universality property: For every K-linear
mapping 0: V — A of V into a unital associative algebra A over K there

exists a unique homomorphism #: 7(V) — A of unital K-algebras such that
iy — 0.

Now we are ready to introduce the fundamental notion of universal envelop-
ing algebra of a Lie algebra. The corresponding universality property will be
noted in Remark 1.10.

DEFINITION 1.9 Let g be a Lie algebra over K € {R,C}. Denote by
Z(g) the two-sided ideal generated by the subset

{zy —yx —[z,y] | =,y € g}
in the tensor algebra 7 (g). Then the quotient
U(g) :=7(g9)/Z(a)

has a natural structure of unital associative K-algebra, and it is called the
universal enveloping algebra of g. The mapping

t:g—U(g), (z)=24+Z(g),

is called the natural embedding of g into U(g). It easily follows by the definition
of the ideal Z(g) that

[z, y]) = v@)e(y) — o(y)e(x)

for all z,y € g.

REMARK 1.10 In the setting of Definition 1.9, the pair (U(g),¢) has
the following universality property: If A is a unital associative K-algebra and
0: g — Ais a K-linear mapping such that

(Va,y € g) O([x,y]) = 0(x)0(y) — 0(y)0 (),

then there exists a unique homomorphism of unital K-algebras 0:U(g) — A
such that o= 6.
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8 Smooth Homogeneous Structures in Operator Theory

We now state one of the most basic property of universal enveloping algebras
(the Poincaré-Birkhoff-Witt theorem).

THEOREM 1.11 Let g be a Lie algebra over K € {R,C} and choose a
basis {a;}icr in g. Assume that the index set I is totally ordered, and denote

S:{Q}U{(Zla7Zn)€In|nZ]-721§Szn}a

and then define
v:S—U(g)

such that v(0) = 1 and v(i1, ..., i) = t(ay,) - - - t(a;,) whenever (i1,...,i,) €
S, where v: g — U(g) is the natural embedding. Then v is a bijection of S
onto a basis of U(g).

PROOF  See e.g., Theorem 1.1 in Chapter X in [Ho65]. I

REMARK 1.12 Theorem 1.11 says in particular that {¢(a;) |7 € I} is a
linearly independent subset of U(g), hence the linear mapping ¢: g — U(g) is
always injective. Since ¢([z,y]) = v(x)e(y) — t(y)e(z) for all z,y € g, it thus
follows that ¢ is an isomorphism of Lie algebras from g onto the Lie subalgebra
t(g) of U(g). That is why we shall perform the identification g ~ «(g) C U(g),
thus thinking of g as a Lie subalgebra of U(g).

To conclude this section, we mention another connection between Lie alge-
bras and associative algebras. It is stronger than Theorem 1.11 in the sense
that it provides embeddings into finite-dimensional unital associative alge-
bras. However, this theorem applies only to finite-dimensional Lie algebras.
(It is called the Ado theorem).

THEOREM 1.13 Let g be a finite-dimensional Lie algebra over K €
{R,C}. Then there exist a finite-dimensional vector space X over K and
an injective linear map

p: g — End (%)

such that
p([a,b]) = [p(a), p(b)] = p(a)p(b) — p(b)p(a)

for all a,b € g.

PROOF  See e.g., Theorem 2 in §7 in [Bo71b]. I
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1.3 The Baker-Campbell-Hausdorff series

In this section we obtain one of the most important results of the present
chapter (see Corollary 1.25), concerning the way the formal expression

log(expx - expy)

can be written as a formal Baker-Campbell-Hausdorff series of iterated com-
mutators of the variables x and y. To this end we shall need formal series
belonging to certain completions of universal enveloping algebras of the free
Lie algebras. As we shall see a little bit later (in Proposition 1.17 below), the
tensor algebra of any vector space is the universal enveloping algebra of a free
Lie algebra, which we introduce in the following definition.

DEFINITION 1.14 Let V be a vector space over K € {R,C} with the
tensor algebra 7 (V). We denote by £(V) the Lie subalgebra of 7 (V) generated
by V, and call it the free Lie algebra generated by V.

We shall consider also the following subset of 7 (V):

L) = {ixn eTW) | (Vn>0) z,€LV)N ®”v}.
n=0

It is clear that £(V) C 7Zo(V), and this implies that £(V) C 75(V) as well.
Note that for x = 3 zp,y= > yn € L(V) we have zy — yz = > zn, where

n=0 n=0 n=0

Zn = Y (TkUn—k —Yn—kTk) € LOV)NQ™V for all n > 0, hence zy—yx € E(V)

k=0
Thus L(V) is a Lie subalgebra of 7 (V).

PROPOSITION 1.15 Let V be a vector space over K € {R,C} and x =
an, € T(V). Then x € L(V) if and only if x, € L(V) N Q™Y for n =

n=0
0,1,2,... If this is the case and {v; }ics is a basis of V, then each x,, belongs to
the linear subspace of @™V generated by {[viy, ..., [Vi,_1,Vi, ]| i1, in €

I}.

PROOF Denote by L the set of all linear combinations of elements of the

form

[Ul .. ."Um] = [Ul, ey [Um—l;vm] .. ] S E(V) n ®mV
with vy,...,v,, € V and m > 1 arbitrary. In particular we have V C LC
LV).
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10 Smooth Homogeneous Structures in Operator Theory

On the other hand, for v := [v1...v], v/ = [v2... 0] and w = [wy ... w]
we have [v,w] = [[v1, V'], w] = =[]V, w],v1] — [[w, v1], '], whence

[v,w] = [v1, V', w]] = [V/, [vrw: ... w]],

and this formula allows us to prove by induction on m that [v,w] is a linear
combination of elements of the form [u; ...wuy] with u1,...,ur € V. In other
words, £ is a Lie subalgebra of T (V). Since V € £ C L(V) and L(V) is the
Lie subalgebra of 7 (V) generated by V, it then follows that L= LV).
In view of the definition of £, we then deduce that for every = € £(V) there
exists z, € L(V)NR"V for n =0,1,2,... such that x = ioj xn and z, = 0 for
n=0

(o]
n large enough. Since each x € 7 (V) can be uniquely written as z = 3 x,
n=0

with z,, € @™V for all n > 0, the desired conclusion follows. 1

It will be convenient to have at hand the mapping introduced in the follow-
ing definition.

DEFINITION 1.16 Let V be a vector space over K € {R,C} and {v; }ier
a basis of V. Then {1} U {v;, ---v;, | i1,...,im € I;m > 1} is a basis of
7T (V), so that there exists a unique K-linear mapping

m:TWV)—=T(V)

with m,(1) = 0, wply = idy, and my(vy, < - vi,) = [Viyseeey Vi, 1, Vi, ]
whenever i1, ...,%, € I and m > 2. Then it is clear that for all m > 2 and
ULy ...y Uy €V We have

oy (U1 Um) = g, .oy [Ume1, Um] - ],

and this remark shows that my does not depend on the choice of the basis
{vi}ier of V. Moreover, we have

Ranmy = L(V)
according to Proposition 1.15.

Now we are able to describe the universal enveloping algebra of a free Lie
algebra.

PROPOSITION 1.17  Let V be a vector space over K € {R,C}.

(i) For every Lie algebra b over K and for each K-linear map 6:V — b
there exists a unique Lie algebra homomorphism 6: L(V) — b such that
By — 6.
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(ii) We have an isomorphism of unital K-algebras T (V) ~ U(L(V)).

PROOF (i) We have h — U(9) (see Remark 1.12), hence we can write
0: vV — U(h). Thus, according to Remark 1.8, there exists a unique homo-
morphism of unital K-algebras 6: 7 (V) — U(h) such that 6|y, = 6. Then the

map

0= §|£(V): E(V) - U(h)

is a Lie algebra homomorphism. Moreover, since (V) = (V) C b, b is a Lie
algebra and £(V) is the Lie subalgebra of 7 (V) generated by V, it follows that
actually Ranf C b.

Also note that 6 is uniquely determined since V generates L(V).

(ii) Let A be a unital associative algebra over K and 6: £(V) — A a ho-
momorphism of Lie algebras. It follows by Remark 1.8 that there exists a
unique homomorphism of unital algebras 6: 7(V) — A such that 6]y, = 0]y.
Then both mappings 0,§| covy: L(V) — A are Lie algebra homomorphisms

that coincide on V. Since V generates L£(V), it follows that 6 = §\V

Now use this fact for A = U(L(V)) and 6: L(V) — U(L(V)) (see Re-
mark 1.12) to get a (uniquely determined) homomorphism of unital algebras
: T(V) — U(L(V)) such that §|£(v) = idz(y). Theorem 1.11 implies that ]
maps some basis of 7 (V) onto a basis of U(£(V)). Hence 6 is bijective, and
thus we get an isomorphism of unital algebras 7 (V) ~ U(L(V)). I

Our next aim is to prove the Specht-Wever theorem (Theorem 1.19 below)
which gives a useful characterization of elements of free Lie algebras within
the corresponding universal enveloping algebras. To this end we need the
following auxiliary fact.

LEMMA 1.18 IfV is a vector space over K € {R,C}, then the linear
mapping
™l LOV) — L(V)

is a derivation of the Lie algebra L(V).

PROOF Denote g = L£(V) and then consider the adjoint representation
adg: g — End (g), which is a Lie algebra homomorphism (see Definition 1.1
and Example 1.3). We have U(g) = 7(V) by Proposition 1.17, hence Re-
mark 1.10 shows that there exists a unique homomorphism of unital algebras
6: T(V) — End (g) such that |, = ad,.

Now let x1,...,Zm,¥y1,---,Yys € V arbitrary and v := z1---x,,, € @™V,
vi=y1 - Ys € ®V. Then we have

my(uv) = [z1, [T, oy [Ty (Y15 -+ [Ys—1,Ys] - - -]
= (adgz1) - - - (adg@ym )y (v) = O(u)my (V).
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12 Smooth Homogeneous Structures in Operator Theory

It then follows that for all u,v € g = L£(V) we have

my([u, v]) = 7y (uv)—myp (vu) = O(u)my (v)—0(v) Ty (u) = [u, Ty (V)] +[my(u), v].

(To prove the latter equality, note that 6(u) = adgu and 6(v) = adgv since
u,v € g.)

Now we are ready to prove the Specht-Wever theorem.

THEOREM 1.19 Let V be a vector space over K € {R,C}, n > 1 and
x €™V CT(V). Then x € L(V) if and only if my(x) = nx.

PROOF We have already noted in Definition 1.16 that Ranmy, = L(V)
hence, if 7y (z) = nz, then z = Lmy,(z) € L(V).
Conversely, let z € L(V) N ®"V. It follows by Proposition 1.15 that x

is a linear combination of elements of the form [vq,...,[vn—1,v,]...] with
v1,...,0, € V, hence it suffices to prove that my(z) = nx provided z =
[V1,. .y [Un_1,vp]...] with vy,...,v, € V. We prove this fact by induction
on n. For n = 1 it holds since my|y = id]y. In the general case, denoting
' = [va,...,[vn—1,vs]...], we have by Lemma 1.18

my(x) = my([v1,2']) = [mp(vr), @'+ [v1, 7y (2))] = [v1, 2]+ (n—1)[v1, 2] = nax,
and the proof is finished. I

In the next statement we build a sort of completion of a tensor algebra.

PROPOSITION 1.20 Let V be a vector space over K € {R,C}, h a
Banach-Lie algebra over K and 6:V — b a linear map. Consider the corre-
sponding homomorphism of Lie algebras 6: L(V) — b and denote

— {2 = w e ZV) 'Y I0(@a) | < oo}
n=0 n=0

Then ZQ(V) is a subalgebra of the Lie algebra L(V), we have L(V) C L (V),
and the map

0:2°0V) =0, 0 za) = 0z,
n=0 n=0

18 a homomorphism of Lie algebras such that 0|£(V 0.

PROOF Let M > 0 such that ||[a, b]|| < M||a||-||b]| for all a, b € b. C0n51der
T = an,y— Zyneﬁ (V) and denote z := [z,y] = vy —yx = Zzn
n=0
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n n

E(V) Then for all n > 0 we have z, = > (TxYn—k — Yn—kTk) = Y. [Tk, Yn—k),
k=0 k=0
hence
ZH@ zn) || —ZIIZ 1), 0(yn—1)]|
n=0 k=0
< MZZIW (@)l - 10(Yn—r)ll
n=0 k=0

(Z 18l ) - (3 18] < o

7=0

Consequently z = [z,y] € z’ (V). Moreover,

0(z) =Y 0(za) = > > [0(1), 0(yn—r)] = [D_0(wr), Y 0(y;)]
n=0 n=0 k=0 k=0 j=0
= 9(1’)79(y)},
where the terms can be permuted since all of these series are absolutely con-
vergent.
It is clear that ZO(V) is a K-linear subspace of £(V) with £(V) C ZO(V)
and 0|,y = 6, hence the proof is complete. I

The following definition describes the setting we need in order to deal with
exponentials and logarithms on a purely algebraic level.

DEFINITION 1.21 Let V be a vector space over K € {R,C}. For every
x € Ty(V) we define

oo

1 N
expT = Z Ew" €1+ T(V)CT(V),

n=0
while for y € 1+ 75(V) we denote
e )n—l

gy =

n=1

(y—1)" € To(V).

Moreover, we define
axb=log(expa-expb) € To(V)

whenever a,b € To(V).

REMARK 1.22 For every vector space V over K € {R, C}, the mappings
exp: 7o(V) — 1+ T5(V) and log: 1 + To(V) — To(V)

Copyright © 2006 Taylor & Francis Group, LLC



14 Smooth Homogeneous Structures in Operator Theory

are bijections inverse to one another.

PROPOSITION 1.23 Let V be a vector space over K € {R,C}. Then
To(V) be a group with respect to the composition law . The identity element
of this group is 0, and the inverse of any x € To(V) is —x.

PROOF Since 1+ ’]AE)(V) is a multiplicative group and the bijection
exp: To(V) — 1+ To(V)
has the property
(Va,b € To(V)) exp(axb) =expa-expb,

it clearly follows that (7o()V),*) is a group, isomorphic to (1 + Zo(V),-) by
means of the bijection exp. The other assertions then follow since we have
exp0 =1 and (expz) - (exp(—z)) = 1 for all z € To(V).

Now we come to a very deep property of the Lie algebra E(V) introduced
in Definition 1.14. This property is very close to the central principle of Lie
theory, which predicts a close relationship between Lie algebras and groups
(see Chapters 2 and 3).

THEOREM 1.24  Let V be a vector space over K € {R,C}. Then L(V) is
a subgroup of the group (To(V),x). B

PROOF  The proof has several stages.
1° Denote R := T (V),

A:=R[t]] == {i rat™ | To,71,... € 7?,}

n=0
the K-algebra of formal power series with coefficients in R, and

o0

Ay = {Zrnt" €Alrg :O}.

n=1

Since K = K- 1 C R, we have K[[t]] C R[[t]] = A. Moreover, it is easy to
check that every element of K[[t]] commutes with every element of A.

2° For every a = Y r,t" € A, denote
n=0

w(a) =min{n > 0] a, # 0}
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if a # 0, and w(a) = co. Then, since R has no zero-divisors, we have

(Va,be A) w(ab) = w(a) + w(b) and w(a + b) > min{w(a),w(b)}.

o0
Moreover, if {ak = Z r,(lk)t”} is a sequence in A such that klim w(ag) =
k>0 —00

(k

00, then for each n > 0 we have T ) = 0 for all but finitely many indices k,

so that we may define r,, := Z r{¥) € R and then

k=0
o0 o0
Zak = Zrnt" € A.
k=0 n=0
For example, if a € Ay, then w(a) < w(a?) < ---, so that we may consider
oo
“power series” Y aypa™(€ A) for arbitrary ag, g, ... € K, and it is clear that

the mapping
K[[SH - R[[t]]a Z ps” Z apa”,
n=0 n=0

is a homomorphism of unital K-algebras.
In particular, we can define the maps

1
eXp:f].+—‘r]_-’—14+7 expa::ea ::Z_an

and

log: 1+ AL — Ay, log(l+4a)= Z

3° We denote by Ling(A) the unital associative K-algebra of all K-linear
mappings A — A, and consider D, L,, R,,adu € Ling(A) (where u € A is
arbitrary) defined by

D(i rnt") = i(n + Drppat™,
n=0 n=0

forall a = Y ryt™ € A.
n=0
Then it is easy to check that for all a,b € A we have

D(ab) = (Da) -b+a- (Db) and D(e'*) = a - €' = ' - a. (1.1)
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16 Smooth Homogeneous Structures in Operator Theory

Moreover, for all u € A we have L, R, = R, L., so (adu)” = (L, — R,)" =

Zn: (—1)k (Z) (L,)"*(R,)*, whence

(Yu,a € A)  (adu)” f: ( ) “kauk

for every positive integer n.
4° We show at this stage that for every ¢ € Ay there exists a unique
homomorphism of unital K-algebras

®: K[[s]] — Ling(A)

such that ®(s) = ad c. In fact, for A= > A\,s™ € K[[s]] and a € A, we define
n=0

Aa = Z An(adc)a
n=0

Note that

w(An(ade)"a) > w((adc)"a)
> Orgnklg w(c" *Fack) (see stages 2° and 3°)
> Orgnklg ((n = k)w(c) + w(a) + kw(c)) (see stage 2°)
> nw(c) +w(a)

hence lim w(A,(adc)"a) = oo, and thus the definition of ®(\)a makes sense
(see stage 2°). The properties required for ® are clear.
It will be convenient to denote

Aade) := ®(X)

whenever A € K][s]].
For instance, we now show that, with this notation, for all ¢ € A} and
a € A we have (e24¢)a = e“ae™°. In fact,

n=0 n=0 k=0
— 1

= Z ﬁcj ‘a y(—c)k:e%ze ¢
J:k=0

(The second of the above equalities follows by the formula established at the
end of stage 3°.)
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5° We now come back to the conclusion of Theorem 1.24. We have to prove

that, if z,y € L(V), then z xy € L(V). Denote = 3. Zn, y = . ¥n, and
n=0 n=0

o0
xxy= > z. With log and exp- = e as at stage 2°, it is clear that

n=0
oo
h :=log(e'*e'V) = Z t"z,.
n=0

We note that according to (1.1), we have

(D(e"))-e™" = (D(e"e)) -e™" = (we'"e' +e'TeVy) e = (ze" +e"y) e,

whence

(D(e") e ™" =z +etye™" =a+ (e*)y, (1.2)
where the latter equality follows by the formula established in the last part
of stage 4°.

6° Now denote f := > ﬁs" € K[[s]]. Since the free term of f is
n=0

different from 0, it follows that there exists g € K][s]] with f-g=9¢g - f = 1.
We prove at this stage that

D(h) = g(ad h)(z + e*1hy). (1.3)

(In the above equality we have g(ad h) € Ling(A) defined as in stage 4°, and
x4 e*hy € A.) To prove formula (1.3) we compute

Do = (3 1om) (X )

|
7=0 J: k=0
—1)k
— Z (" ) D(h]) hk
k!
j>1, k>0
0o 1 n /n _ _
=5 (M) o,
n=1 n j=1 J
By using repeatedly the first of the equalities in (1.1), we get further
© 1 n izt /n . . .
D(eM)-eh =) — (1)”J( ,>hz~D(h) B A N
n! j
n=1 j=114=0
[e%e) 1 n—1 n L (n . i
=3 ( (—1)ni (" )h~D(h)-h .
n! £ j
n=1 =0 j=i+1
n ) n—i—1 .
We now note that > (=1)"77(}) = > (-1)'(}) = (1)t (voh),
j=it1 1=0

where the latter equality follows easily by induction on n. Then the above
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18 Smooth Homogeneous Structures in Operator Theory

equalities lead us to

[y

n—

"
K
Bl

n i— 1( 1) hz . D(h) . hn—i—l
]

Il
-

n 1:0

:ini ad h)"~"(Dh)
_ Fadny(on),

where the second equality follows by the formula established at the end of
stage 3°. Now formula (1.2) in stage 5° implies that

x4 ey = f(ad h)(Dh).

Since ¢g - f = 1 in K][[s]], it follows by the homomorphism K[[s]] — Ling(A)
constructed at stage 4° (for ¢ = h) that g(adh) - f(adh) = ida, hence the
above equality implies equality (1.3).

7° We now prove by induction on n that z, € £(V) for all n > 0 (see the
notation from the beginning of stage 5°), whence it will follow that = xy €
L(V), as desired.

We have 29 = 0 € L(V). Now assume that zq,...,2, € L£(V). Consider
the coefficients of ¢t in both sides of equation (1.3) obtained in stage 6°. In
the left-hand side, the coefficient is (n + 1)z,41, while the coefficient in the
right-hand side is a linear combination of expressions of the form

(adzm) e (adznk)(u’mk) = [va' ) [ch)umk] e ']7

where U, € {Tm,,Ym,} and ny + -+ + ng + my = n+ 1. Since my > 1,
the induction hypothesis shows that the coefficient of ¢" in the right-hand
side of (1.3) belongs to £(V). Then the coeflicient of t" in the left-hand side
of (1.3), that is (n+ 1)2z,41, in turn belongs to £(V). Thus 2,41 € £(V), and
the induction is complete. I

The series that shows up in the following statement will be called the Baker-
Campbell-Hausdorff series.

COROLLARY 1.25 IfV is a vector space over K € {R,C}, then for all
z,y € V we have

X (—1)k1 Ty (aPryd .. gPryd
=y S Y 0 >

lag.)... lag..)
— (st anyo Priat - Prlarl (1 qu - pe o+ ax)
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PROOF We have

x*y = log(expx - expy)

(oo}
1 k—1
=3 e ey - 1!
k=1
oo
(k! 1 k
S (S )
k=1 pg>04"1"
> k-1
— Z& Z ;xmyql PRy
lat! - - plgs)
k=1 (p1+q1) - (Prtaqr)>0 Pr-qu-- - Pr-qk-
oo
=Dz
n=1
where, for each n > 1, we denoted
o (—DF? 1
S P e 2 o g YTyt e @Y.
k=1 ot tpptaguen PV PRk

(P1+4q1)--(Px+4qi)>0

Since z,y € V C L(V), it follows by Theorem 1.24 that z *y € L£(V), hence
Proposition 1.15 implies that z, € £(V) for all n > 1. Then Theorem 1.19
shows that my(z,) = nz,, whence

1

Zn = Eﬂ'v(zn)
o0
-1 k—1 1
= ( ]1 Z ﬁﬂ'v(xply(h e gPRy ),
k=1 p1+qit-+pr+qr=n prqi DPh-q:
(p1+aq1)-(Pr+qr)>0
[e.e]
and the desired formula follows since z xy = > z,. [

n=1

1.4 Convergence of the Baker-Campbell-Hausdorff se-
ries

This section includes some estimates of the terms of the Baker-Campbell-
Hausdorff series that shows up in Corollary 1.25 in the case when z and y
belong to a Banach-Lie algebra. Eventually we shall be able to prove that
the Baker-Campbell-Hausdorff series is absolutely convergent provided ||z +
llyll < log2 (see Proposition 1.33).
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20 Smooth Homogeneous Structures in Operator Theory

In order to find the aforementioned estimates it will be convenient to make
the following definition.

DEFINITION 1.26 A contractive Banach-Lie algebra is a (real or com-
plex) Banach-Lie algebra g with a distinguished norm that defines the topol-
ogy of g and satisfies ||[z,y]|| < [|z] - ||ly|| for all z,y € g.

REMARK 1.27 Every real Banach-Lie algebra g can be made into a
contractive Banach-Lie algebra in the following way: Let ||-||; be an arbitrary
norm defining the topology of g. Since the bracket [-,-]: gx g — g is a bounded
bilinear map, it follows that there exists M > 0 such that

(Ve,yeg) Ayl < M-zl [yl

Defining || - || := (1/M)]| - |1, we get a norm that turns g into a contractive
Banach-Lie algebra.

DEFINITION 1.28 Let g be a real Banach-Lie algebra and consider the
real Lie algebra e (g) and the homomorphism of Lie algebras idg : e (g) —
g associated to 6 :=idg: g — g as in Proposition 1.20. We will denote

—id,

g:=L "(g),

so that we have a homomorphism of Lie algebras ﬁg: g—g.

PROPOSITION 1.29 Ifg is a contractive Banach-Lie algebra, then we
have N
wxy € g and [idg(z xy)|| < —log(2 — el=l+lvl

whenever xz,y € g and ||z| + ||y|| < log2.

PROOF Let z,y € g with ||z]| + |ly|| <log2. If £k > 1 and py,...,pr > 0,
-5 qe 2 0, with (p1+q1) -+ (P +qx) > 0and pr+qu + -+ pe + e =1,
then we clearly have

,/Tg(xplyth .. .xpkka) c ®ﬂg’

where 7y: 7(g) — 7 (g) is constructed in Definition 1.16. It then follows by
the definition of g (see Definition 1.28) along with Corollary 1.25 that, in order
to prove that z xy € g, it suffices to show that the series

>

k=1 (p1+q1)---(pr+axr)

Z ||Hg (Wv(;(;ply‘h .. .xpkqu)) ”

1.4
oPtatopElat(p @+ Pkt a) 4

ENl
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is convergent, where id, : L(g) — g is given by Proposition 1.17(i) for V =
h =g and 0 = idg. Since idgy is a homomorphism of Lie algebras, it follows by
Definition 1.16 that

idg (mg(vr - ‘Um)) =id ([Ulv oo [Um—1,Um] - ])
= [idg (1), -, [{dg (0m1), g (0)] - |
= [v1,. oy [Umys U] - -]
for all vy,...,v, € g and m > 1. Since g is a contractive Banach-Lie algebra

(see Definition 1.26), we get
(Vm > 1) (Vor,...,v;m €9)  |lidg(mg(vr -~ vm)) Il < Joall -+ [Jom]l.
Consequently, series (1.4) is dominated by

i} >y 1 72 s 7
k gy ! -l
=1 % (1 rar) e bq)>0 PL T PRk (p1+a+- +pk+ k)

<§1 3 )7 flylle el flyllo
_ﬂk‘ »! ¢! pe! !
= (p1+q1) - (Pr+qr)>0

_ i %( Z ||sz Hy||q) ki}i (elll . ol _ l)k

_ i %(1 _ellell L ellvlyk = _1og (2 — lel+Inl),

where the latter follows since 0 < ell*lI+l¥ll — 1 < 1 by the hypothesis. I

DEFINITION 1.30 Let g be a Lie algebra over K € {R,C} and
g T(9) — L(g), Vi Vm = [V, s Umn—1,Vm] .. .],
as in Definition 1.16. Moreover consider the homomorphism of Lie algebras
idg: L(g) — g

given by Proposition 1.17(i) for V = h = g and § = idg. Then for every integer
n > 1 we define 3,: g x g — g by

oo
1 _
D N S - e TS
lg1!---pulaln 8V 8
=1 prta1ttpetquen PV PRGRTY
(p1+q1)-(pr+qr)>0

" 1
_ id P1,,91 ... Pk, dk
_Z Z PlIQN"‘Pk!QkITlldg(Wg(x Y y™)).

=lpi+q+-+pr+ar=n
(p1+Q1) “(Pr+aqr)>0
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22 Smooth Homogeneous Structures in Operator Theory

In the case when g is a Banach-Lie algebra, we also define

M8

H(z,y) :=idg(zxy) =Y Pulz,y) €9

Il
_

n

whenever z xy € g. (Compare Corollary 1.25.)

REMARK 1.31
(a) If g is a Lie algebra over K € {R, C}, then it turns out that

Hewl, Bs(ew) = = Lo, o )+ == [y [ 2],

Pu(w,y) = aty, Pale,y) = 5 12 12

for all z,y € g.

(b) If b is another Lie algebra over K and ¢: g — b is a Lie algebra ho-
momorphism, then (8, (x,y)) = Bn(e(x), v(y)) whenever z,y € g and
n > 1.

REMARK 1.32 Let g be a Banach-Lie algebra over K € {R,C}, and
n > 1. Denote h := g x g. Then there exists a unique continuous symmetric
n-linear mapping

Buihx - xbh—g
——

n times

such that B, (h,...,h) = Bu(h) for all h € g x g.

PROPOSITION 1.33 Let g be a (real or complex) contractive Banach-Lie
algebra and denote

D= {(z,y) €g x gzl + [[y] <log2}.
Then H: D — g is a (real or complex) analytic mapping and
H(z, H(y,2)) = H(H(x,y), 2)
whenever ||z|| + [[y| + [|z]| <log(4/3).

PROOF For all (z,y) € D we have
H(x,y) =idg(z*y) = Bulx,y), (1.5)
n=1
and -
1H (2, 9)I| < Y 1Bal@.y)]| < —log(2 — el I+,

n=1

Copyright © 2006 Taylor & Francis Group, LLC



Topological Lie Algebras 23

by Proposition 1.29 and its proof. Now, by Remark 1.32 and Theorem A.34

we easily deduce that H: D — g is smooth and ’Hgg )0) = ﬁn, whence

Higry (B 1) = Bu(h) (1.6)

foralln > 1 and h € g x g. Now it easily follows by (1.5) and Theorem A.37
that H is (real or complex) analytic.
Next note that for z,y, z € g with ||| + ||y|| + ||2]| < log(4/3) we have

| + |7 (y, 2)|| < [lz]| - log(2 — elvII*l=I)

oll
= log o — o T Tl el
||95H 4/3
(§]
log — " clog— oo
< log 2 (4/3)c- el < log 2 (4/3)c-Tlel < log 2,

and similarly |H(z,y)| + ||z]| < log2. Hence (z,H(y,z)), (H(z,y),z) € D.
Thus we can define

g1,92: Q— g9, gl('x?yaz) = H(l‘,H(y,Z)), 92(377%2’) = H(H('xay)wz)a

where Q = {(x,y,2) € gx gx g | ||z| + [yl + ||z|| <log(4/3)}. Since we have
seen that H is analytic, it follows by Proposition A.38 that both g; and g
are analytic mappings on the connected subset €2 of g x g X g.

On the other hand, we have

(Vo,y,2€9)  ax(y*z)=(zxy)*z € L(g)

(see Proposition 1.23 and Theorem 1.24). It follows by this equality along
with (1.5) and (1.6) that

(¥n >0) (91)537)0,0) = (92)%’)0’0)-

Since both g and go are analytic, it then follows by Theorem A.37 that there
exists an open neighborhood V of (0,0,0) € g x g x g such that V' C Q and
g1lv = g2|v. Since both ¢g; and go are analytic and Q is connected, it then
follows that g1 = go throughout on . In fact, denote

Qp={weQ|(Vn=0) (91) = (92)0"}-

Then g is clearly closed, and () # V C €. Moreover, g is open as a
consequence of Theorem A.37. Since ) is connected, we get g = Q. In
particular, g1 = g2 on €2, as claimed. I

REMARK 1.34 Let g and h be (real or complex) contractive Banach-
Lie algebras and ¢: g — h a homomorphism of topological Lie algebras with
llol] < 1. Then it is not hard to see that H(¢(x), ¢(y)) = ¢(H(z,y)) whenever
z,y € g and [[z]| + [|y[| <log2.
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24 Smooth Homogeneous Structures in Operator Theory

Notes

There exist a lot of books devoted to the theory of Lie algebras. Two
classical references for finite-dimensional Lie algebras are [Ja62] and [Bo71b].
See the books [AST74], [Kac90], and [MP95] for various classes of infinite-
dimensional Lie algebras. The relationship between the theory of Lie algebras
and operator theory is explored in [BSO1]. See also the paper [Be02a] for a
bird’s-eye view on this subject.

We refer to [Bo71b] for a nice introduction to universal enveloping algebras.
One of the classical treatises in this area is [Di74].

Some classical references for the Baker-Campbell-Hausdorff series are Chap-
ter II in [Bo72] and Chapter X in [Ho65]. See also [Ja62]. A modern treat-
ment of free Lie algebras and Baker-Campbell-Hausdorff series can be found
in [Rt93].

Our reference for the proof of the Specht-Wever Theorem (Theorem 1.19)
is [Ja62]. The method of proof of Theorem 1.24 is taken from [Dj75]. See also
[Ho65]. The convergence of the Baker-Campbell-Hausdorff series is treated
e.g., in [Bo72]. See also the papers [Go56], [Th82], [NT82], and [Th&9].
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Chapter 2

Lie Groups and Their Lie Algebras

Abstract. In this chapter we introduce the notion of Lie group
and construct the Lie algebra of a Lie group. We are mainly in-
terested in the study of Lie groups, and the Lie algebras prove
to be a powerful tool in this connection. A Lie group is a group
possessing a manifold structure that makes the group operations
into smooth maps. The corresponding Lie algebra is just the tan-
gent space at the unit element, with a bracket reflecting the group
structure of the Lie group under consideration. The second part
of the chapter concerns the notions of logarithmic derivatives and
exponential map. We then discuss the smoothness of the exponen-
tial map in the case of general Lie groups, and present an example
of a Lie group whose exponential map is not defined throughout
on the corresponding Lie algebra. In the last section we consider
the important special case of Banach-Lie groups. In this case, the
exponential map is smooth and throughout defined, and defines a
local chart around 1. As a consequence, the group operations are
real analytic. We conclude by formulas for exponentials of sums
and commutators.

2.1 Definition of Lie groups

One of the thoughts underlying the present book is that the structure of
“nonlinear sets” can be understood by investigating their symmetry groups.
And maybe the best description of the idea of symmetry group is provided
by the notion of Lie group, which we are going to define now. Afterwards we
shall be discussing some of the very basic properties of Lie groups.

DEFINITION 2.1 A Lie group is a group G equipped with a structure
of smooth manifold such that both the multiplication map

m: GxG— G, (a,b) — ab,

25
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26 Smooth Homogeneous Structures in Operator Theory

and the inversion map
n: G — G, a—a

are smooth.

If H is another Lie group, then a mapping ¥: H — G is called a homo-
morphism (of Lie groups) if it is both a group homomorphism and a smooth
mapping. We say that v is an isomorphism (of Lie groups) if ¢ is a group
isomorphism and a diffeomorphism.

A Lie group modeled on a Fréchet, Banach, or Hilbert space will be called,
respectively, a Fréchet-, Banach-, or Hilbert-Lie group.

REMARK 2.2 In the category Man of smooth manifolds, the Lie groups
can be characterized as the manifolds G equipped with a fixed element 1 € G
and some smooth maps m: GxG — G and n: G — G such that the following
group properties hold.

(i) Associativity: The diagram

GxGxG ™, oy q

idgxml lm

GxG L) G

is commutative.
(ii) Unit element: The diagram

id(;X{l}
L N

G
{l}xidcl \Jde lm
GxGq —2 G

GxG

is commutative.
(iii) Inverse elements: The diagram

idg Xn

G — GxG
nxidgl \Jde Jm
GxG 22— @

is commutative.

REMARK 2.3 Let F: Man — Man be a correspondence with the fol-
lowing properties:
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Lie Groups and Their Lie Algebras 27

(i) F associates to every manifold M another manifold denoted F'M.

(ii) F associates to every smooth mapping ¥: M — N another smooth
mapping FiY: FM — FN.

(iii) If M Y. N -, P are smooth maps between smooth manifolds, then we
have F(poy) = (Fp)o(F). In other words, F' maps every commutative
diagram

N 2P

T"Z" /(pow
M
into another commutative diagram
Fo
FN —— FP
TW /" F(pot)
FM
(iv) For every smooth manifold M we have F(idys) = id .
(v) If M and N are smooth manifolds, then F(M x N) = (FM) x (FN).

(vi) If : M — N is a constant map, then Fi: FM — FN is in turn a
constant map.

In these conditions, it follows by Remark 2.2 that if G is a Lie group with the
multiplication m: G x G — G, the inversion 17: G — G, and the unit element
15 € G, then the manifold F'G is in turn a Lie group, with the multiplication

Fm: FGx FG=F(GxG)— FG
(see condition (v)), the inversion
Fn: FG — FG
and the unit 1r¢, defined such that {1rg} is the image of the constant map
F({1¢} = G): F({1¢}) — FG

(see condition (vi)).
PROPOSITION 2.4 If G is a Lie group with the multiplication m: G x
G — G and the inversion n: G — G, then the tangent manifold TG is in

turn a Lie group, with the multiplication Tm: TG x TG — TG, the inversion
Tn: TG — TG, and the unit element 0 € Ty C TG.
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28 Smooth Homogeneous Structures in Operator Theory

PROOF Use Remark 2.3 for the correspondence F' = T defined by con-
structing tangent manifolds and tangent maps. (See Remark A.62.) I

In the following remark we describe in detail the multiplication in the tan-
gent group that was pointed out in Proposition 2.4.

REMARK 2.5 Let G be a Lie group, g,h € GG, and the tangent vectors
vy € T,G and wy, € Ty G. In particular we have vy, wy, € TG, and we want to
show how the product v, - wy, in the group T'G can be computed. According
to Proposition 2.4, the multiplication in TG is just Tm: TG x TG — TG.
Thus,

vg - wp = T'm(vg, wp).
To compute the right-hand side, let a: R — G smooth with «(0) = g and
&(0) = vy, and similarly 8: R — G smooth with 8(0) = h and 5(0) = w,.
Then define

(VteR)  A(t) = at)- B()
(where the product a(t) - 5(¢) is computed in G).
Thus we get a map : R — G which is smooth because of the commutative

diagram

RxR 22, ¢xaG

AT lm

R -2
where m, a x 3, and A are smooth, with A(t) = (¢,¢) for all ¢ € R. Moreover
7(0) = «(0)8(0) = gh, hence ¥(0) € Ty, G.
To compute (0), we also use the above commutative diagram. We have
Ty=T(mo(axB)oA) = (T'm)o (T(axp))o(TA)
= (Tm) o ((Ta) x (TB)) o (TA).

Since the mapping
TA:TR=RXxR—->TRXxR)=TR xTR = (R x R) x (R x R)
is given by (¢,€) — ((t,€), (t,€)), while §(0) = (To7)(1) = (T7)(0,1), we get

'7(0> = (T/Y)(Ov 1) = (Tm)((Ta)(Ov 1), (Tﬁ)(()’ 1)) = (Tm) (a(0)7ﬁ(0))

Thus 4(0) = (T'm)(vg, wy) is just the desired product vg-wy, in the group T'G.

Conclusion: The way to compute the product (in T'G) of two tangent
vectors vy € TyG and wy, € TG is the following: pick two smooth paths
a,B: R — G representing the vectors vy and wp, respectively. That is,
a(0) = g, &(0) = vy, B(0) = h, B(0) = wy. Then multiply them point-
wise and thus get a smooth path v(-) = a(-)8(:): R — G which represents
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the desired product vy - wi(€ Ty G € T'G). That is, we have v(0) = gh and

Y = Vg - Wh.

REMARK 2.6

(a) If G is a Lie group, then the additive group (771G, +) is a subgroup of
G.

(b) If f: G — H is a homomorphism of Lie groups, then Tf: TG — TH is

in turn a homomorphism of Lie groups.

REMARK 2.7 Let G be a Lie group, 7: TG — G the natural projection
mapping, and z: G — TG the mapping which associates to each g € G the
zero vector in the vector space T,G. Then

(a) both 7 and z are homomorphisms of Lie groups,
(b) Kerm = T1G, and
(¢) moz=1idg.
Thus we have a short exact sequence
0—TiG—TGC G —1

in the category of Lie groups, and this sequence splits. Hence the group TG
can be expressed as the semi-direct product

TG:GIXT:[G,

where the additive group 771G is a normal subgroup of T'G.

DEFINITION 2.8 If G is a Lie group with the tangent space TG =
T1G x G, then the adjoint action of G is the smooth action

G xT1G — TG, (g,v) — Ad(g)v:=g-v-g ',

which makes sense since T7G is a normal subgroup of TG by Remark 2.7.
When we have to deal with adjoint actions of several groups, we denote the
adjoint action of a group G by Adg(g)v for g € G and v € T1G.

REMARK 2.9 In Definition 2.8, the mapping Ad(g): T1G — T1G equals
the derivative of the smooth map

G—G,  heg-h-gh,
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at h = 1, for each ¢ € G. To see this, use Remark 2.5, which shows how
the products in the expression g-v-g~! (where g € G and v € T1G) can be
computed.

DEFINITION 2.10 Let G be a Lie group. Consider the smooth mapping
G xT1G— TG, (9, w) — Ad(g)w,
and denote its first-order partial derivative with respect to g at g = 1 by
ThG x TG — ThG, (v, w) — ad(v)w,

which is a bilinear map.

We call this bilinear map the adjoint action of T1G. It is indeed an action
in an appropriate sense, as a consequence of Theorem 2.12. For the moment,
it is clear that the adjoint action of T7 G is continuous and also that it is linear
with respect to the first variable.

REMARK 2.11 It is clear that if the Lie group G is commutative, then
(Vg€ G)  Ad(g) =idnc

whence

(Vv € T1G) ad(v) = 0.

In this sense, we can say that in the case of general Lie groups G, the adjoint
actions measure the non-commutativity of G.

2.2 The Lie algebra of a Lie group

The theorem we prove in this section (see Theorem 2.12 below) points out
the fundamental phenomenon that each Lie group gives rise to a Lie algebra in
a canonical way. It is the leading principle of Lie theory that the Lie algebra
of a Lie group plays a critical role for that group.

THEOREM 2.12 If G is a Lie group, then T1G equipped with the bracket
TG xT1G — ThG, (v,w)r [v,w] :=ad(v)w,

is a locally convex Lie algebra.

DEFINITION 2.13 1If G is a Lie group, then the locally convex Lie algebra
(T1hG, [+, ]) constructed in Theorem 2.12 is denoted by L(G) and is called the
Lie algebra of G.
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We now turn to the proof of Theorem 2.12, which will be achieved by means
of several lemmas.

LEMMA 2.14 If G is a Lie group, then the mapping
[-, ] TlG X TlG — T1G

defined in Theorem 2.12 is continuous, bilinear, and skew-symmetric.

PROOF Recall that the model space of G is X = T1G and let Xy be
an open neighborhood of 0 € X such that there exists a diffeomorphism
¢: Xo — Go onto some open neighborhood Gy of 1 € G with ¢(0) = 1. By
replacing Gy by Go NGy ' and Xy by Xo N ¢~ (Gy'), we may assume that
Go = Gy'. Moreover, since ¢ is a diffeomorphism, ¢(0) =1 and 1-1 =1 in
G, it follows that there exists a convex open neighborhood X; of 0 € X such
that X7 C Xo and o(X1) - ¢(X;1) € Go. Then define

n: X1 — X, nz):=¢ (ex)"),

and
prXix X1 = X, p(zy) = (@) - e(y))-
Next pick an open neighborhood X, of 0 € X satisfying the conditions

N(Xz2) € X1 and p(X2) - ¢(X2) € ¢(X1). Then note that Remark 2.9 along
with Definition 2.10 imply that the mapping

U Xox Xo — X, P(z,y) = plu(z,y),n(x) = ¢~ (p(@)py)e@) ),
has the property that
(V,y € X2)  [z,y] = ad(z)y = 0102¢(0,0)(z,y).
Then Proposition B.14 shows that
(Vo,y € X2)  [2,y] = 01021(0,0)(y, z) — 010:11(0,0)(z, ).

Since X5 is an open neighborhood of 0 € X = T; G and we have already noted
in Definition 2.10 that [-, -] is bilinear on 77 G x T1 G, the above formula clearly
shows that [-, -] is moreover continuous and skew-symmetric.

DEFINITION 2.15 1If G is a Lie group, then we say that a vector field
v € V(Q) is left-invariant whenever for all g € G the diagram

ra ), 1

UT TU
G —“ . a
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is commutative, where {;(h) = gh for all g,h € G. Similarly, we say that
w € V(G) is right-invariant if for all g € G we have a commutative diagram

ra 1), ra

G -, @
where 74(h) = hg for all g,h € G.

We denote by V!(G) the set of all left-invariant vector fields on G, and by
V" (@G) the set of the right-invariant ones.

REMARK 2.16 In the setting of Definition 2.15, it easily follows by
Proposition A.68 that both V!(G) and V" (G) are subalgebras of the Lie alge-
bra V(G). (See also Theorem A.67.)

LEMMA 2.17 Let G be a Lie group and define
1: ThG — V(G)
by
t(v)(h) :=T1(ln)(v) € TG,

whenever v € T1G and h € G. Then v is a linear isomorphism of T1G onto
VH(G), having the inverse defined by

1 VNG) - WG,z x(1).

PROOF The proof has several stages.
1° At this stage we check that for each v € Ty G we have «(v) € V/(G). To
this end, let g, h € G arbitrary. Then

(T(lg) 0 (v)) (h) = T(ly) (¢(v)(h)) = T(ly) (T1(In)(v))

= (Th(lg) o Ty (ln)) (v) = (Ta(lg o 1)) (v)
= (Ta(lgn)) (v) = v(v)(gh)

(¢(v) 0 g) ()

whence T'(l;) o t(v) = t(v) oly, as desired in order for ¢(v) to be left-invariant.

2° The map ¢ is clearly linear, and the fact that Kert = {0} follows since
we have ¢(v)(1) = v for all v € T1G. The latter equation also implies that
2(1) = 1= (x) whenever x € Ran..
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3° To prove that Rant 2 VI(G), let x € V!(G) arbitrary and denote v :=
x(1) € T1G. Then z = +(v). In fact, for each h € G we have
) (h) = Ta(ln)(v) = Ta(ln)(x(1))
= T(In)(x(1)) = (T(ln) 0 x)(1)
= (xoly)(1) (since 2 € VY(G))
= a(h),

and the proof ends. I
REMARK 2.18 Similarly to Lemma 2.17, one can prove that, if G is a

Lie group and
: TlG — VT(G)

is defined by
t(v)(h) = T1(rp)(v) whenever v € T1G, h € G,

then 7 is a linear isomorphism of 71 G onto V" (G).

PROOF (of Theorem 2.12) In view of Lemmas 2.14 and 2.17, it suffices
to check that, with ¢ as in Lemma 2.17, we have

Uz, y]) = [u(2), u(y)], (2.1)
where [-,-] in the left-hand side is the bracket defined in the statement of
Theorem 2.12, while [-,-] in the right-hand side is the bracket in the Lie

algebra V(G) (see Theorem A.67). After we check formula (2.1), the fact
that the Jacobi identity holds in 73 G will follow from the similar property in
the Lie algebra V(G) along with the fact that ¢: T9G — V(G) is linear and
injective (see Lemma 2.17).

Using the notation introduced in the proof of Lemma 2.14, we have by
Proposition B.14 that

(Va,y € Xa)  [z,9] = (2)oy — (9)o,
where for x € X5 we define
T: X1 —>X7 f() 282/1,(,0)1'

It is clear by the definition of + in Lemma 2.17 that for each = € X, we have

a commutative diagram

T(Xs) —4— T(Go)

4 TL($)|G2

XQLGQ
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where G2 = ¢(X) and z: X; — T(X3) = X x X is given by z(-) = (-, Z(-)).
Then the above formula for [z,y] shows that

(Va,y € Xo) [, 9] = [1(2), (y))(1)

(see formula (A.2) in the proof of Lemma A.66). Since Remark 2.16 shows
that for z,y € Xz we have [1(z), 1(y)] € VY(G), it follows by the above equality
along with Lemma 2.17 that [z,y] = ¢7}([t(x),(y)]). Hence formula (2.1)
holds whenever x,y € X5. Since both sides of that formula are bilinear as
functions of the pair (z,y), and X5 is a neighborhood of 0 € X, it follows that
formula (2.1) actually holds for all z,y € X = T1G.

PROPOSITION 2.19 If f: G — H is a homomorphism of Lie groups,
then
T1f: L(G) — L(H)

18 a homomorphism of real topological Lie algebras.

PROOF By Remark 2.6(b) we have a homomorphism of Lie groups
Tf: TG — TH.

We also recall that TG = G x L(G), TH = H x L(H) (see Remark 2.7), and
then T'flg = f: G — H and Tf|yg) = T1f: T1G — T1H. Since T'f is a
group homomorphism, it then follows that

(Vg € G) (Vo e L(G)) Tif(g-v-g7") = f(9)- (Tuf)(w) - flo)~". (2.2)

Now, for w € L(G) arbitrary and p: I — G a smooth path with p(0) = 1
and p(0) = w, applying (2.2) for g = p(t) and then differentiating at t = 0 we
get (T1f)(ad(w)v) = (ad((T1f)w))(T1f)(v). (See Definition 2.10.) In other
words, according to Theorem 2.12 and Definition 2.13 we have

(T f)[w, o] = [(Ty fw, (Tof)v]

for all v,w € L(G), and thus T} f: L(G) — L(H) is a homomorphism of Lie
algebras, as desired. I

DEFINITION 2.20 For every homomorphism of Lie groups f: G — H,
we denote by
L(f) = Taf L(G) — L(H)

the corresponding homomorphism of topological Lie algebras given by Propo-
sition 2.19.

If Lieg, is the category of Lie groups (with the homomorphisms of Lie
groups as morphisms) and Lieaig is the category of locally convex Lie algebras
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(with the homomorphisms of topological Lie algebras as morphisms), then the
correspondence
L: Lieg, — Lieaig

is a functor called the Lie functor.
Examples of Lie groups out of topological algebras

EXAMPLE 2.21 Let A be a real continuous inverse algebra (see Defini-
tion A.17). Moreover we assume that the topological vector space underlying
A is locally convex. We are going to show that the multiplicative group

A* ={a € A ais invertible in A}
has a natural structure of Lie group with
L(A*) = A,
the bracket being defined by
(Vx,y € A) [z,y] = zy — yx.

Since A is a continuous inverse algebra, it follows that A* is an open subset
of A, hence A* is naturally a smooth manifold modeled on A.

Furthermore, since the multiplication mapping A x A — A, (x,y) — zy, is
smooth (being actually bilinear), it follows that its restriction m: A* x A* —
A* is also smooth. On the other hand, we know from Lemma A.44 that the
inversion mapping

n: A = A, a—a

is also smooth, hence A* is indeed a Lie group. Since it is modeled on A, it
follows that moreover L(A*) = A.

It only remains to compute the bracket of L(A*). To this end, first note
that, for every a € A*, if we define

In: A — AX, I,(b) =aba™',
then we clearly have
Ty(I,): Ty(AX) =A - Ty (A)= A, z— aza '
Next fix x € A and define
0: AX — A, 0(a) = I,(z) = axa™ .
Then we have by Definition 2.10 and Theorem 2.12 that

[y, ] = ad(y)z = 03y whenever y € A = Ty (A*).
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To compute 6y, let us fix y € A. Since 1 € A* and A* is open in A, it
follows that there exists € > 0 such that 1 + ¢ty € A* whenever |t| < e. Then
we have a smooth path

p:(—e,e) = A%, p(t)=1+1y
with the properties p(0) = 1 and p(0) = y € A = T1(A*). Consequently, if
we consider the smooth path vy =0 op: (—¢,e) — A, then we get
7(0) = b1y.

On the other hand, we have

V() =0(p(t)) = (1 +ty)z(1+ty) ' = (L +ty) -z -n(1l +ty),
hence

(t)=y-z-n(l+ty) + (1 +ty) -z 0,y
=y-z-nl+ty)— (1+ty) -z (1+ty) "y(l+ty)

where the latter equality follows by Lemma A.44. In particular 4(0) = yx—ay,
and according to the previous remarks we get

yr —xy = (0) = 01y = [y, ]

whenever x,y € A, as claimed.

EXAMPLE 2.22 Let X be a real Banach space and A = B(X) the unital
associative real Banach algebra of all bounded linear operators on X. Then
A is in particular a continuous inverse algebra (see Remark A.20). Hence
Example 2.21 shows that the group

GL(X) ={T € B(X) | T is invertible}

is a (Banach-)Lie group whose Lie algebra is B(X) with the bracket defined
by [T,S] =TS — ST whenever T, S € B(X).
In the special case when X = K", where K € {R,C} and n is a positive
integer, we denote
GL(n,K) := GL(K")

and call this Lie group the general linear group corresponding to n and K. It
is just the group of the invertible matrices of size n x n with entries from K.
One usually denotes

gl(n,K) := L(GL(n, K)).

Note that this is just the vector space of all matrices of size n x n with entries
from K, equipped with the bracket defined as above.
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2.3 Logarithmic derivatives

Our aim in this section is to discuss the notion of logarithmic derivatives
on a Lie group. The main consequence of that discussion concerns uniqueness
for group homomorphism to which a Lie algebra homomorphism integrates
(see Proposition 2.26 below).

DEFINITION 2.23 Let G be a Lie group with the tangent group TG =
GxT1G = GX L(G) (see Remark 2.7), I an open interval in R and p: I — G
a smooth path. For every ¢t € I we have

p(t) € TG~ {p(t)} x L(G) € G x L(G) =TG,
and, computing in the group T'G, we define
Sp(t) :=p(t)t - pt) € hG ~ {1} x L(G) C G x L(G) = TG.

The smooth path
Slp: I — L(G)

defined in this way is called the left logarithmic derivative of the path p. The
right logarithmic derivative of p is the smooth path

" I —L(G), &"(t) = Ad(p(t)v(t) = p(t) - p(t) "

Moreover, we say that p(-) is a left (respectively right) indefinite product in-
tegral of the path §'p(-) (respectively of the path 6"p(-)).

REMARK 2.24
(a) In the setting of Definition 2.23 we have
p(t) = p(t) - 8'p(t) = 8"p(t) - p(t)
whenever ¢ € I.

(b) The left logarithmic integral allows us to compute the velocity vector of
the path (-) = p(-)! in the following way:

(Vtel) (t)=—8pt) p(t)~"

To see this, differentiate the equation v(¢) - p(t) = 1 to get (by means of
Remark 2.5) 4(t) - p(t) + v(t) - p(t) = 0, where the computations in the
left-hand side are performed in the group T'G. Thus

() = =v(t) - p(t) -p(t) " = —p(t) - p(t) - p(H) T = =0'p(t) - p(t) ",

as claimed.
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LEMMA 2.25 Let G be a Lie group, I an open interval in R, and p,q: I —
G two smooth paths such that §'p = §'q. Then there exists go € G such that
q(t) = go - p(t) whenevert € I.

PROOF Consider the smooth path
0 1=G, alt)=qlt) piH)~".
Denoting v(+) = p(-)~! and computing in the group TG, we then have

a(t) = 4(t) - (1) +q(t) - 3(t) = q(t) - 8'a(t) - p(t) " — q(t) - 8'p(t) - p(t) " =0,

where the first equality follows by means of Remark 2.5, while the second one
follows by Remark 2.24(b). Since &(t) = 0 for all ¢ € I, it follows that « is
a constant. (See e.g., Proposition A.30.) Thus there exists go € G such that
for all ¢t € T we have a(t) = go, that is, q(t) = go - p(t).

PROPOSITION 2.26 Let G and H be two Lie groups and ¢: L(G) —
L(H) a homomorphism of topological Lie algebras. If G is connected, then
there exists at most one homomorphism of Lie groups f: G — H with L(f) =

@Y.

PROOF Let f1, fo: G — H be homomorphisms of Lie groups with L(f;) =
L(f2) = ¢. We have to prove that, for g € G arbitrary, we have f1(g) = f2(g)-

Since G is connected, there exist an open interval I C R with 0,1 € I and
a smooth path p: I — G with p(0) = 1 and p(1) = g. For i = 1,2 we can
compute the left logarithmic derivative of the path ~; := f;op: I — H in the
following way:

8'(v)(t) = (fiop)®) ™1 4(t) = filp(®)™") - (Tfi)(B(t)
=Tfi(p(t)""-p(t)) = Tfi(8'p(t))
= L(f1)(8'p(1)) = @(&'p(1)),
where the third equality follows by the fact that T'f;: TH — TH is a group
homomorphism (see Remark 2.6(b)), while TG = G x L(G) and T f;|¢ = fi.
Consequently, both paths fyop, foop: I — G have the same left logarithmic

derivative (namely ¢ o §'p: I — L(H)). Then Lemma 2.25 shows that there
exists hg € H such that

(Ve el) (f2op)(t)=ho-(fiop)().
Since (f2 0 p)(0) = (f1 o p)(0) = 1, we must have hy = 1, hence (f2 o p)(t) =

(f1 op)(t) whenever ¢ € I. In particular, for ¢t = 1 we get fa(g) = fi(9), as
desired.
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DEFINITION 2.27 Let G be a Lie group and v: R — L(G) a smooth
path. If there exists a left indefinite product integral p: R — G of v(-) (that is,
§'p = v), then the element TI(v) := p(0)~!p(1) € G is called the left definite
product integral of v(-). Note that, according to Lemma 2.25, the element
II(v) € G does not depend on the choice of the left indefinite product integral

p(-) of (..

DEFINITION 2.28 A Lie group G is said to be regular if it satisfies the
following two conditions:

(i) Every smooth path v: R — L(G) admits left indefinite product inte-
grals.

(ii) The left definite product integral
II: C*°(R,L(GQ)) — G, v II(v),

is a smooth mapping, provided we think of C*°(R,L(G)) as a locally
convex space in the usual way.

REMARK 2.29 Every Banach-Lie group is regular. (See e.g., [Mi84] or
the discussion at the end of section 38.4 in [KM97].)

It is an open question whether or not there exist non-regular Lie groups
modeled on complete locally convex spaces. In the case of non-complete locally
convex spaces, an example of a non-regular Lie group will be described below
in Example 2.38.

2.4 The exponential map

The exponential map is the main tool that allows us to use Lie algebras
in the study of Lie groups. In this section we establish the basic properties
of exponential maps for general Lie groups (that is, Lie groups modeled on
locally convex spaces). To this end we use the properties of the logarithmic
derivatives that were introduced in Definition 2.23, along with the notion of
one-parameter subgroup, which we define here.

DEFINITION 2.30 If G is a Lie group, then a one-parameter subgroup
of G is a homomorphism of Lie groups f: R — G, where we think of R as the
additive group (R, +).
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REMARK 2.31 According to Proposition 2.26, a one-parameter subgroup
f: R — G of the Lie group G is uniquely determined by the linear map

L(f): L(R) =R — L(G),

or, equivalently, by the vector f (0) € L(G).

REMARK 2.32 Let G be a Lie group, § > 0 and fi: (—0,0) — G a
smooth path such that fi(t +s) = f1(t)fi(s) whenever max{|t|,|s|} < §/2.
Then it is not hard to see that there exists a unique one-parameter subgroup
of G whose restriction to (—6,4) coincides with f.

DEFINITION 2.33 Let G be a Lie group and denote by D(exp() the set
of all v € L(G) such that there exists f,: R — G, a one-parameter subgroup
of G, with f,(0) = v. Then the exponential map of G is defined by

expg: Dlexpg) — G, v — fu(1).

Note that the exponential map is correctly defined according to Remark 2.31.

REMARK 2.34 It is easy to see that if G and H are Lie groups and
f: G — H is a Lie group homomorphism, then L(f)(D(exps)) C D(expy)
and the diagram

L(f)
D(expg) ——— D(expy)

exXpg l lepo

G N H

is commutative.

PROPOSITION 2.35 If G is a regqular Lie group, then D(exps) = L(G)
and the exponential map expe: L(G) — G is smooth.

PROOF To prove that D(expg) = L(G), let v € L(G) arbitrary and define
the constant path

5: R > LG), () =v.

It then easily follows by condition (i) in Definition 2.28 (along with Propo-
sition 2.26) that there exists a unique smooth path f,: R — G such that
f5(0) =1 and f,(t) = f,(t)-o(t) for all t € R.

Now fix fy € R and consider the smooth paths

p1p2: R— G, pi(t) = fut +10), pa(t) = folto)fu(t)-
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Then p1(t) = fo(t+t0) - 0(t+to) = fu(t+to) v = pi(t)-v. On the other hand,
by Remark 2.5, we get pQ(t) = fv(tO) ’ fv(t) = fv(tO)fv(t) ’ f)(t) = p2(t) " .
Thus p; and ps have the same left logarithmic derivative (namely the constant
path ¥). Since p1(0) = p2(0), it follows by Lemma 2.25 that p;(t) = pa(t) for
all t € R. Thus f,(t +to) = fu(to)fu(t) for all t,ty € R, that is, f is a
one-parameter subgroup of G.

Now, since the mapping

0: L(G) — C*(R,L(G)), v+~ 0,

is clearly smooth (being linear and continuous, and II(?) = f,(1) for all v €
L(G), it follows that expy =1l o0 6: L(G) — G is smooth. I

PROPOSITION 2.36 IfG is a Lie group such that D(exps) = L(G) and
the exponential map exps: L(G) — G is smooth, then

TO (eXva) = idL(G) .

PROOF For v =0 € T1G, the corresponding one-parameter subgroup of
G is just the constant one, fo: R — G, fo(-) =1, so that exps 0 = fo(1) = 1.
Since the tangent space of L(G) at 0 € L(G) is just L(G), while T1G = L(G),
we have

Ty(expa): L(G) — L(G).
Next let v € L(G) arbitrary. We will show that

(Vt € R)  expg(tv) = fu(t), (2.3)

which will imply that Tp(expg)v = f,(0) = v, hence Ty(expg) = idy,(q), as
desired.

To check (2.3), fix tp € R and define l;,;: R — R, s — tgs. Then topv =
tofv(()) = (fyoly,)'(0), and f,olz,: R — G is clearly a one-parameter subgroup
of G, hence expg(tov) = (fy 0ty )(1) = fu(to), which is just (2.3). I

Example of non-regular Lie group

We introduce some notation to be used in Proposition 2.37 and Exam-
ple 2.38 below. Let K € {R,C} and consider the unital commutative K-
algebra of K-valued polynomial functions on [0, 1]:

P = {a: [0,1] — K| a € K[X]}.

Also consider the K-algebra of rational functions with poles off [0, 1]:

A= {g | f,g € P and g(s) # 0 whenever s € [0, 1]}
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We think of A equipped with the topology it inherits as a unital subalgebra
of the unital Banach algebra of the continuous K-valued functions on [0, 1].
Then it is easy to deduce by Remarks A.20 and A.21 that A is a continuous
inverse algebra. Thus its group of invertible elements A* is a Lie group with
L(A*) = A, according to Example 2.21.

PROPOSITION 2.37 Ifp: (R,+) — (A%,-) is a group homomorphism,
then p(R) CK* - 1.

PROOF We may suppose that K = C, since the other case clearly follows
by this one. Next note that for every a € A\ {0} there exist uniquely de-
termined polynomials f,g € C[X] such that f and g have no common zero,
g(0) =1, ¢g([0,1]) € C* and a(s) = f(s)/g(s) for all s € [0,1].

In particular, for all ¢ € R, there exist uniquely determined f;, g; € C[X]
having no common zero, with g.(0) = 1, g¢([0,1]) C C* and p(t) = fi/g: on
[0,1]. Moreover, for all ¢ € R denote

Up :=g; ' (C*) 2[0,1]

and hy := fi/gi: Uy — C, so that h¢fg1) = p(t). (Note that since g; is a
polynomial, U; is just C with finitely many points—the roots of g;—removed.)

We now fix tp € R and show that both polynomials f;, and g;, are constant,
whence p(tg) € C* - 1, as desired.

To this end, assume the contrary. Then the rational function p(to) = fi,/9t,
has either a pole or a zero at some zp € C. Then there exist n € Z \ {0} and
a holomorphic function k: Uy, U {29} — C such that k(z¢) # 0 and

(Vz € Uyy)  heo(2) = (2 — 20)"k(2).
Consider
W :=Ug, N Uto/(2\n|)’

which is an open connected subset of C. We have p(to) = p(to/(2]n|))?"!,
that is, hy, = (hto/(gmn)z‘”' on [0,1]. Since both sides of the latter equality
are holomorphic functions on the open connected set W, it follows that h;, =
(hty/(2in)))?™! throughout on W. Consequently, for e = n/|n| € {—1,+1} we
have

- B (2)]1/C20)
lim 1o 21 (2)] — lim [ (2)] 75 _ (20| @InD £

z—20 |z—zo|5/2 z—20 ‘Z—Zo|5/2

which is impossible since iy, /(2)n|) is a rational function. Consequently both
polynomials f;, and g¢;, are constant, and the proof ends. I

EXAMPLE 2.38 For the Lie group A* we have
D(expyx) =K*1# A=L(A%).
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Indeed, v € D(exp4x) if and only if there exists a one-parameter subgroup
f: R — A* such that f(O) = v. According to Proposition 2.37, the latter
condition implies that f(R) C K -1, whence v = £(0) € K- 1. Conversely, for
v € K- 1, we can define

for R = K*- 1 A%, f,(t) =e".

Then clearly f, is a one-parameter subgroup of G and f,(0) = v, hence
RS D(eXpr )

We note that, since D(exp 4x ) # L(A*), it follows by Proposition 2.35 that
the Lie group A is non-regular (see Definition 2.28).

2.5 Special features of Banach-Lie groups

For the applications we want to make in the following chapters of this
book we need a number of special properties of Banach-Lie groups, to which
the present section is devoted. These properties can be summarized as fol-
lows: the exponential map of a Banach-Lie group is defined throughout the
corresponding Lie algebra and defines a local chart around the unit element
(Theorems 2.39 and 2.42 below). By using that local chart we can prove that
every Banach-Lie group is real analytic and obtain some useful formulas for
exponentials of sums and brackets (see Theorem 2.47).

Here is the main result of this section.

THEOREM 2.39  For every Banach-Lie group G we have D(exps) =
L(G) and the exponential map exps: L(G) — G is smooth.

The proof of Theorem 2.39 needs several lemmas.

LEMMA 2.40 If G is a Banach-Lie group with the Lie algebra g, then
there exist 1o > 0 and a smooth mapping 0: Bg(0,79) — G satisfying the
following conditions.

(i) We have 6(0) =1 and Tp0 = id,.
(ii) If 0 # v € By4(0,70), then
O((t + s)v) = 6(tv) - O(sv)

whenever max{|t], |s|} < ro/(2]|v])-

PROOF Denote by m: G x G — G the multiplication mapping and con-
sider an open subset V of G such that 1 € V and there exists a local chart
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p:V — B C g, where B is open in g, ¢(1) =0 € B and Thp = idg. Next
pick r; > 0 such that By := Bg(0,71) C B and ¢~ (By) - ¢ *(B1) C V, and
define

p:Bix B —g, (z,9) = e(p (@) () = p(mle™ (2)e™ (1))

In view of the properties of the multiplication in G, it then follows that we can
use Corollary B.7 to get 79 € (0, 1) and a smooth mapping x: Bg(0,79) — B1
such that x(0) =0, x{, = idgq and

X((t+s)v) = p(x(tv), x(sv))

whenever 0 # v € Bg(0,79) and max{|t|,|s|} < ro/(2|v|)-
Now it is easy to check that the mapping

0:=p tox: By(0,m9) = G
has the desired properties. For instance,
Tof = To(¢ " ox) = To(yp ') o Tox = (Tup) ' oidg = id,,

where the latter equality follows by the fact that T3¢ = id,. I

LEMMA 2.41 If G is a Banach-Lie group with the Lie algebra g, then there
exists ro > 0 such that Bg(0,79) C D(expg) and expg | B, (0,r0)* Bg(0,70) — G
is smooth.

PROOF Let 7y > 0 and 60: By(0,79) — G be given by Lemma 2.40,
and denote 79 = 79/2. We are going to prove that By(0,79) € D(exps) and
expe | B, (0,r0) = 0, whence the desired conclusion will follow since ¢ is smooth.

It suffices to show that if 0 # v € Bg(0,79), then v € D(expy) and
expev = 0(v). By condition (ii) in Lemma 2.40 and Remark 2.32, we get
a one-parameter subgroup of G, say f: R — G, such that f(t) = 6(tv) when-
ever |t| < ro/||v]|. Moreover,

since ¢, = idg by property (i) in Lemma 2.40. On the other hand, since
0 < ||v|| < ro, we have 1 < ro/||v||, hence f(1) = 6(v), and then

eXpgV = f(l) = 9(’1}),

as desired. I

PROOF of Theorem 2.39 Fix ry as in Lemma 2.41 and vy € g arbitrary.
Also let a positive integer n and € > 0 such that |Jvo|| + & < nro, and define

w: Bg(vg,e) = G, w(w):= (eXpG((l/n)w)>n.
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Note that for w € By(vg,¢) we have ||w|| < |Jw—wvo|| +||vo]| < e+ ||vo] < nro,
hence (1/n)w € Bg(0,79) C D(expg), according to the choice of r9. Thus w
is smooth in view of the commutative diagram

Bg (0’ 7"0) expg | B4 (0,r0) a
Al/nT lmn
Bg(vo, €) - G

where Ay /p(w) = (1/n)w for all w € Bg(vo,e) and my,(g9) = g" for all
g € G. (The mapping A/, is obviously smooth, expg |Bg(0,r0) is smooth
by Lemma 2.41 and m,, is smooth since G is a Lie group.)

We are going to show that for arbitrary w € By(vo, €) we have w € D(expg)
and expsw = w(w). This will imply that expy is defined and smooth on
the neighborhood Bg(vo, €) of vy, which leads to the desired conclusion since
vy € g is arbitrary.

We have seen above that (1/n)w € Bg(0,79) C D(exp¢), hence there exists
a one-parameter subgroup of G, let’s call it f: R — G, such that f(O) =
(1/n)w. Define

h:R— G, g:= f(nt).

It is clear that A is in turn a one-parameter subgroup of G and
h(0) = nf(0) =n-(1/n)w = w,

hence indeed w € D(expe). Moreover,
expgw = (1) = f(n) = [(1)" = (expg((1/m)w)) " = w(w),

and the proof is finished. I

THEOREM 2.42 If G is a Banach-Lie group, then the following asser-
tions hold.

(i) There exist an open neighborhood Vy of 0 € T1G and an open neighbor-
hood Uy of 1 € G such that exps (Vo) = Uy and expg vy : Vo — Up is a
diffeomorphism.

(ii) All of the mappings

exps: L(G) — G (the exponential mapping)
m: GxG— G (the multiplication mapping)
n:G— G (the inversion mapping)

are real analytic.
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PROOF (i) Since G is a Banach-Lie group, it follows that T3 G is a Banach
space. Now let ¢: V — U be alocal coordinate chart on G, where V' is an open
subset of the model (Banach) space X of G, and U is an open neighborhood
of 1 € U. Denote ¢ := ¢~ t: U — V and vy := (1) € V.

On the other hand, the exponential map expg: T1G — G is smooth by
Theorem 2.39 and expy 0 = 1. Then there exists an open neighborhood V'
of 0 € T1G such that expg (V') C U, and the mapping

X:¢O(expG\V/): V-V
is smooth. Moreover, by Proposition 2.36 along with Theorem 2.39 we get
Tox = Ty o To(expe) = Thyp: ThG — X,

which is an isomorphism of the Banach space T7 G onto the Banach space X
(see Definition A.55). Since x is a smooth map from an open subset of T3 G
into X, it then follows by the inverse function theorem that there exists an
open subset Vj of X such that 0 € Vg, x(Vp) is an open subset of V' and
Xlve: Vo — x (Vo) is a diffeomorphism. Since

expe [vo = @lx(vo) © XIvos

and ¢ is a local coordinate chart, it then follows that U; := exps(Vp) is an
open neighborhood of 1 € G , and expg |v, : Vo — Uj is a diffeomorphism, as
desired.
(ii) Define
@: Vo — U1, @ :=expglv-

It follows by (i) that ¢ is a local coordinate chart on G around 1 € G. Then
denote g = L(G), pick r1 > 0 such that ¢(Bg(0,71)) - (Bg(0,71)) C Uy, and
define p: Bg(0,71) X Bg(0,71) — g by

w(x,y) =@ (p(x), ¢y) = & (m(B(x), 3(y)))-

For 0 # z € By(0,71), t, s € R and max{|t|,|s|} < 2@6”, we have u(tz, sz) =

¢ Hexpg(ta) - expg(sz)) = ¢ Hexpg((t + s)x)) = (¢ + s)z. Hence we
may make use of Theorem B.12 to deduce that p is real analytic on some
neighborhood of (0,0) € g x g. That is, the multiplication mapping m is
real analytic on some neighborhood of (1,1) € G x G. Now, by means of
Remark 3.4 and Remark 3.6, it is easy to see that m: G x G — G is real
analytic throughout the group G.

The analyticity of n and exp, then follows at once. I

For the statement of the following lemma we recall that, if G is a Lie group,
then we have an isomorphism of Lie algebras

1 L(G) = VY(G)
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from the Lie algebra L(G) onto the Lie algebra V!(G) of all left-invariant
vector fields on G. (See Lemma 2.17.)

LEMMA 2.43 Let G be a Banach-Lie group, U an open subset of G, Y

a real Banach space, and a: U — Y a smooth mapping. Also let g € G,
€ (0,00), and v € L(G) such that gexpg(tv) € U whenever t € (—r,r).
Then the function

(—r/2,7/2) =Y, t+— a(g eXpG(tv)),
has the following properties:

(i) For every positive integer n and all t € (—r/2,r/2) we have

n

((DL@))”a) (9expg(tv)) = %(a(gexpc(tv)))-

(ii) If the mapping « is real analytic on some neighborhood of g € U, then
there exists € > 0 such that

o0

a(gexpg(tv)) Z%n( L(v)) )( )

whenever t € R, v € L(G) and ||tv|| < e.

PROOF (i) Let m: TY =Y xY — Y, (y1,y2) — y2, be the second
projection (as in Definition A.64), and consider the smooth path

v:(=r,r) = G, t— expg(tv).
Then 4(0) = 1 € G and 4(0) = v € T1G = L(G). For every smooth mapping

B:U — Y and h € G in some sufficiently small neighborhood of g we have
hexpg(tv) € U for all t € (—r/2,7/2), hence

(Db(y)ﬁ) (h eXpG(tv)) = (7r oTfBo L(v)) (h eXpG(tv)).

Denoting as usual I;,: G — G, k — hk, we get

(D) B) (hexp(tv) = (70 TBo(v) o 1n) (4(1)).

But «(v) € V(G) is a left-invariant vector field (see Lemma 2.17), hence

(DuwB) (hexpg(tv) = (w0 T T(h)  1(v) (+(1))
= (7r oT(Boly)o L(U)) ('Y(t))
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Since (0) = 1, 4(0) = v and ¢(v)(1) = v, we get by Definition A.60

(DyyB)(h) = (w0 T(Boly))(v) = %5(h7(t))\t:0~

Using the above formula for h = gvy(s) with s € (—r/2,7r/2), we get

(DunB)G$)) = B em0 = 8L+ Dlemo = A1)

Now the desired formula follows by applying the latter formula for § = «,
5 = DL(’U)a7 6 = (DL(U))2a7 ete.

(ii) If « is real analytic on some neighborhood of g € U, then the function
f:(=r/2,7/2) =Y, f(t) = a(gexpg(tv)), is real analytic on some neighbor-
hood of 0 (see Proposition A.38 and Theorem 2.42(ii)), hence

X 4n dm
=Y %),
n=0

Since f(t) = a(gexps(tv)), the desired formula then follows by (i). I

We now use Lemma 2.43 to prove the following version of the Taylor formula
on Lie groups. (Compare Theorems A.32 and A.37.)

THEOREM 2.44  Let G be a Banach-Lie group, U an open neighborhood
of 1 € G, and vy,...,vx in L(G). Then there exists r > 0 such that for all
t1,...,tg € (=7, 1) we have expg(tiv1) - - -expa(trvr) € U and, for every real
Banach space Y and every real analytic function a: U — Y we have

afexpg(tivr) - - - expg (trvg))

L n n
= Z n1|_._nk|((DL(U1)) 1...(DL('U]€)) ka)(]')
npyenp>0 LR

PROOF It follows by making repeated use of Lemma 2.43 that for every
smooth function a: U — Y we have

an1+'-'+nkf
(Vna,.oome 2 0) ((Duwy)™ -+ (D)) ™) (1) = W(O)»

where f(t1,...,t;) = a(expg(tivi)---expg(trvr)). Now, if a: U — Y is
moreover real analytic, then f: (—r,7)* — Y is real analytic, hence

L gnatetng
)= S Ak L (o),

nyl - ngl O - DL

ni,...,nE >0

and thus the desired formula follows. [
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REMARK 2.45 Let G be a Banach-Lie group with the Lie algebra g,
Vo an open neighborhood of 0 € g, and U; an open neighborhood of 1 €
G such that exps(Vp) = Uy and expg v, : Vo — U; is a diffeomorphism.
Denote f := (expg|v,)™t: Uy — Vo. Then for every v € g the operator
D, (y: (Ui, g) — C>(Uy, g) has the property (D, f)(1) = v.

LEMMA 2.46 Let G be a Banach-Lie group with the Lie algebra g and
v,w € g. Then there exist v > 0 and a bounded function 0y, : (—r,7) — g
such that for allt € (—r,r) we have

2

expg (tv) expe (tw) = expa (t(v +w) + %[v, w] + t30v)w(t)).

There exist 6 > 0 and M > 0 such that r can be chosen independently of v
and w for max{||v||, [|w||} < ¢ and

sup{[|0v,w ()] | t € (=7, 7), v,w € Bg(0,6)} < M.

PROOF  According to Theorem 2.42(i), there exist an open neighborhood
Vo of 0 € g and an open neighborhood U; of 1 € G such that expo(Vp) = Uy
and the mapping expq |v, : Vo — U; is a diffeomorphism. Denote

f = (expg |V0)*1: U, — V.

We pick rg > 0 such that expg(tv) expg(tw) € Uy whenever ¢t € (—rg,70),
and define

u: (=ro,m0) — g, u(t) = f(expg(tv) expg(tw)).

Then u is a smooth function and u(0) = 0, hence there exist r; € (0,r9),
uy,uz € g and a bounded function 6 : (—r1,r1) — g such that

u(t) = tuy + t2ug + 36, (t) whenever t € (—ry,71)

(see Corollary A.33). What we have to prove is that

u; = v+ w and us = i[v,w].

To this end, note that since f = (expg |v,) !, we have

1

n!

u(t) = f(expg(tur +t7us)) +°60,(t) = Z

n=0

((Db(tu1+t2u2))nf) (1) +t391 (t)

The latter equality follows by Lemma 2.43(ii), since f is real analytic as an
easy consequence of the fact that expq |y, is a local chart of G around 1 € G
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(see Theorem 2.42(i)). By Remark A.65 and the fact that .: T'G — V(G) is
linear (see Lemma 2.17), we further deduce that

u(t) =Y %((wb(ul) + tQDL(UZ))"f) (1) +°0:1(t)

= ((tDuu) + D)) F) (1) + g((Dml))Qf) (1) +£%6a(1),

for some bounded function 2: (—rg,r9) — g, Consequently,

u(t) = t(Dyguy) f) (1) + tZ((Db(uz) + %(Db(ul))Q)f> (1) +£202(t). (2.4

On the other hand, we get by Corollary 2.44 that, for all t € (—ry,71),

n+m
u(t) = f(eXpG«(tU) GXpG(tIU)) = Z iﬁm ((Db(v))n<DL(w)>mf)(1)a
n,m>0
hence
2 (2.5)
+5 (((Dwv))2 +2D,() Diw) + (Du(w))?) £) (1) + 0u,(1),

2

for some r € (0,79) and some bounded function 6, ,: (—r,7) — g. Now
(2.4) and (2.5) imply that 6; = 6,,, on (—r,r), and also

(Di(un) £)(1) = (Dot £)(1)

and

(Do + %(Dwul))g)f) (1) = %(«Dwv))z + 2D, Di + (D)) F) (1)

Consequently, by Remark 2.45, the first of the above equalities implies that
u; = v + w. Then the second of the above equalities takes on the form

((Db(w) + %(DL(vWDL(w))z)f)(l)
- % (((DL@))? +2Dy) Dyw) + (qu))Q)f) (1),
whence
(Due H1) = 5((Puty Dy = D Pecs) (D) = 5Dicrscon D

(DL([U,w])f)(]‘) = (DL(%[v,w])f)(l)

N = N =
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(where the second equality follows by Lemma A.66, and the third equality
follows by formula (2.1) in the proof of Theorem 2.12). Now uy = [v,w] by
Remark 2.45 again.

The last assertion of the lemma clearly follows by the way 6, is con-
structed. In fact, 0, ., only depends on the second derivative of the mapping

(v,w) — f(expg v - expg w)

on some neighborhood of (0,0) € g X g. I

Now we are able to prove a couple of useful formulas for exponentials of
sums and brackets.

THEOREM 2.47 If G is a Banach-Lie group, then
expg(v 4+ w) = 7}1—>H<>lo (eXpG (v/n) - expg (w/n))

and
n2

expg(v, w] = nle (expG (—(v/n))-expG (—(w/n))-expG(v/n)-expG (w/n))

oo

for all v,w € L(G).

PROOF  To prove the first formula, denote u(t) = f(expg(tv) expg(tw))
as in the proof of Lemma 2.46, where f := (expg |v,)~: Uy — Vp. Then for
n large enough we have by Lemma 2.46

gl wl 501 /m),

f(eXpG((l/n)v)~eXpG((1/n)w)) =u(l/n) = %(U+w)+2n2

so that
nlingo nf(expg ((1/n)v) - expg ((1/n)w)) = v+ w.

Since expg : L(G) — G is continuous (see Theorem 2.39), we get
expg(v +w) = lim expg (n £ (expg ((1/n)v) - expe (1 /n)w)))
= Tim (expg f (expe ((1/n)) - expg ((1/n)w)) )"
= (expa ((1/n)0) - expe (1/mw) ),

as desired.
For the second formula, again use Lemma 2.46 to deduce that

2
expg (tv) expe (tw) = expe (t(v +w)+ %[v, w] + t30v’w(t))
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and also that

expg(—tv) expa(—tw) = expg (—t(v +w) + %[v, w] — t?’HU’w(—t)).

Hence we deduce by Lemma 2.46 again, there exist 7 > 0 and a bounded
function 0: (—7,7) — L(G) such that
expe(—tv) expg (—tw) expg (tv) expg (tw) = expg (£ [v, w] + t‘sé(t))

Now reason as above: denote

a(t) := f(expg(—tv) expg(—tw) expg(tv) expg(tw)),

and then the above equality implies that lim,, .., n?@(1/n) = [v,w], whence
2

expglv,w] = lim n?(@(1/n)) = nler;o(expG ﬂ(l/n))n ,

n—oo

which is just the desired formula, in view of the definition of 4. I

EXAMPLE 2.48 Let A be a real associative unital Banach algebra. It
follows by Example 2.21 (along with Remark A.20) that A* is a (Banach-)Lie
group whose Lie algebra is just A with the bracket

(Va,be A) [a,b] := ab — ba.

For arbitrary a € A, we define

fo R A ful) =Y

n=0
(Note that the series is absolutely convergent in A.) Then f, is a one-
parameter subgroup of A* and f,(0) = a, hence a € D(exp 4x ) and

oo n

a a
€XpPyx @ =€ ::E —.
n!

n=0

Thus D(expyx) = A = L(A*) (which agrees with Theorem 2.39) and the
exponential map exp 4« : A — A is defined by the usual power series.
In particular, it follows by Theorem 2.47 that for all a,b € A we have

et = lim (e“/"eb/")" and el*” = lim (e_a/"e_b/"ea/”eb/")nQ.

The first of these formulas is sometimes called the Trotter formula.

For the following statement we recall the notation H(:,-) from Defini-
tion 1.30.
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PROPOSITION 2.49 Let G be a Banach-Lie group and assume that
g := L(G) is equipped with a norm making it into a contractive Banach-Lie
algebra. Pick an open neighborhood V' of 0 € g such that U := expg (V) is
an open subset of G and expg|v:V — U is a diffeomorphism. Also, let
R € (0,(1/2)1og?2) such that expg(Bg(0,R)) - expg(Bg(0,R)) € U. Then
there exists ro € (0, R) such that

(expg |v) ' (expg @ - expg y) = H(z,y)

whenever x,y € By(0,7).

PROOF  We first recall that f := (expg|y)~': U — g is real analytic.
Then Theorem 2.44 shows that there exists r € (0, R) such that

1

flespor - expor) = 3 (D) (D)™ )(1) (28
n,m>0

whenever z,y € By(0,r). Moreover, it follows by Proposition 1.29 and Defi-

nition 1.30 that there exists 7o € (0,7) such that H(Bg(0,r9) x Bg(0,70)) C

Bg(0,7). Since foexpg |v = idy, it then follows by Theorem 2.44 again that

H(w,y) = f(expe (H = 5

k=1

(Dyr(a,) " £) (). (2.7)

E\H

On the other hand, define
preg— End (COO(Uag))v @(U) = DL(’U)'

It then follows by Theorem A.67 along with formula (2.1) in the proof of
Theorem 2.12 that ¢ is a Lie algebra homomorphism. Moreover, by the
definition of ¢ (see Lemma 2.17) along with formula (A.3) in the proof of
Lemma A.66, it follows that, if h € C*(U,g), x € U and lim v, = v in g,

n—oo
then

lim (¢(vn)h)(z) = ((v)h)(z)

n—oo

in g. Since H(z,y) = Z Gi(x,y) (see Definition 1.30), the above property of
© implies by (2.7) that

£r5) = 3 2 (@0, 9) A1) (1) = (0420 f)(1) = (020 ) (1)
k=0

= (GW(z)e“o(y)f)(l) = fexpg z - expg Y)

where the third equality follows by Remark 1.31, the fourth equality is a
consequence of Definition 1.21, and the last equality follows by (2.6). The
proof is finished. I
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Notes

In the present book we are interested mainly in infinite-dimensional Lie
groups. In particular, according to Definition A.51, the smooth manifolds
used in our definition of a Lie group (Definition A.51) are in general infinite
dimensional.

There are several brilliant books treating the theory of finite-dimensional
Lie groups. Some of them, which might be useful in order to get a better
understanding of some topics that we have only sketched here, are [Hel62],
[Ho65], [WaT71], and [Kn96]. Our basic references for infinite-dimensional Lie
groups are [Ma62], [Bo72], [Mi84], [Up85], and [KM97]. See also [Om74]
and [Om97].

The first two sections of the present chapter are mainly based on the papers
[Mi84] and [Ma62]. A detailed study of Lie groups arising from topological
algebras can be found in [G102b], which is our reference for Example 2.21. We
refer to [Mi84] and [KM97] for the notions of logarithmic derivatives and reg-
ular Lie group. Example 2.38 is taken from [G102b]. Theorems 2.39 and 2.42
can be found e.g., in [Bi38] and [Ma62]. Our Theorem 2.44 is an infinite-
dimensional version of results like Theorem 4.3 in [Ho65]. Lemma 2.46 in the
present chapter is a straightforward extension of Lemma 1.8 in Chapter II of
[Hel62]. Theorem 2.47 on exponentials of sums and commutators is a classical
fact; compare Proposition 6.7 in [Up85]. See e.g., Theorem 3.1 in Chapter X
of [Ho65] for a version of our Proposition 2.49 in the case of finite-dimensional
Lie groups.
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Chapter 3

Enlargibility

Abstract. One of the central results of this chapter is the fact
that the structure of a local Lie group can be enlarged to a struc-
ture of a Lie group provided the local Lie group is embeddable into
a group. Other main results concern integration of Lie algebra ho-
momorphisms and Lie group structures on closed subgroups of Lie
groups. In the second part of the chapter we prove the Kuiper the-
orem, asserting in particular that both the unitary group and the
group of invertible operators on a separable infinite-dimensional
Hilbert space are simply connected. Actually any continuous map
from a compact space into one of these Lie groups is homotopic
to a constant map. It is only towards the end of the chapter that
we are ready to approach the problem of whether a given topo-
logical Lie algebra is enlargible, in the sense that it corresponds
to some Lie group. Enlargibility is a hereditary property. Ev-
ery finite-dimensional Lie algebra has this property, however there
exist non-enlargible infinite-dimensional Lie algebras.

3.1 Integrating Lie algebra homomorphisms

The main result of this section (Theorem 3.5) concerns the way a Lie algebra
homomorphism integrates to a Lie group homomorphism. This fact turns out
to be closely related to the way a local Lie group structure enlarges to a
(global) Lie group structure (see Theorem 3.3 below).

To begin with, let us explain what a local Lie group is.

DEFINITION 3.1 A local Lie group is a smooth locally convex manifold
K equipped with a distinguished element ky € K, an open neighborhood Vj
of kg € K, a smooth mapping (the multiplication)

w:Vox Vg — K

55
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and a smooth mapping (the inversion)
n: Vo — Vo
satisfying the following conditions:
(i) For all z € V; we have p(z, ko) = p(ko,z) = z.

(ii) There exists an open neighborhood Wy of kg € K such that u(Wy x
Wo) C Vo (whence, by (i), Wy = p({ko} x Wo) C Vo) and

whenever x,y, z € Wy.

(iii) We have
u(z,n(@)) = pn(z), z) = ko
for all x € V.

EXAMPLE 3.2 Let G be a Lie group and K an open neighborhood of
1 € G. Pick open neighborhoods V) and Wy of 1 € G such that V) = Vofl7
Vo-Vo € K and Wy - Wy C V. Then K is a local Lie group with ky = 1,
w(z,y) = xy and n(z) = 2! for z,y € V.

THEOREM 3.3 Let G be a connected topological group and assume that
K is an open neighborhood of 1 € G such that K has a structure of smooth
manifold making it into a local Lie group with respect to the multiplication and
inversion mapping inherited from G. Then there exists a unique structure of
manifold on G making G into a Lie group such that the original manifold
structure of K coincides with the one inherited by K as an open subset of the
manifold G.

PROOF The proof has several steps.
1° Since K is a local Lie group, let 1 € V;; C K as in Definition 3.1 such
that the multiplication mapping

m:GxG—G

has a smooth restriction m|y, xv,: Vo X Vo — K. After shrinking Vg (if nec-
essary), we may assume that the following properties hold.

(a) There exists a locally convex space E and a mapping ¢: Vo — E such
that ©(V4) is an open subset of E and ¢: Vo — (V) is a diffeomor-
phism.
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(b) We have Vy = Vofl, Vo-Vo-Vy-Vy C K and the mapping
ml vy v x (Vo) - (Vo - Vo) x (Vo - Vo) — K

is smooth.

2° For every a € GG, note that aVj is an open neighborhood of a and define
a:aVy — B, x+— @la'z).

Then ¢, (aVp) = (V) is an open subset of E, and p,: aVh — pq(alh) is
a homeomorphism. Our aim at the present stage of the proof is to check
that the family {(p,)7!: @a(aVy) — aVp}aeq defines a structure of smooth
manifold on G modeled on E.

To this end, fix ai,as € G such that U := a;Vy NasVy # 0. What we have
to show is that the mapping

P 1= Pq, © (‘Pal)_llapal(U): @al(U) - @az(U)

is smooth. In fact, since a;Vp NaxVy # 0, there exist vy,vy € V such that
a1v1 = agvy. We then have

a2_1(11:112’01_1 EV()-VO_1:V0~V0.
On the other hand, note that for all y € ., (U) = ¢(a;'U) we have

() = Pas((a)) " (1)) = ay (@197 (1) = @(ag a1~ (y))
= (pom)(az a1, ' (y)).

Since ' (y) € a7 'U C Vp and the mapping m: (V- Vp) x Vo — K is smooth
(see property (b) in stage 1°), it thus follows that ¢ is smooth.

3° We have seen at stage 2° that G has a structure of smooth manifold. We
will show at stages 3°-5° that the group operations of G are smooth. To this
end, we first prove that, for all a € G, the left translation mapping

lo: G— G, hw—ah,

is smooth.

In order to check this fact, fix h € G and note that the mappings ¢, : hVy —
E and @qp: ahVy — E are local charts on G around h and ah, respectively.
We have

an © (lalav) © 05,1+ (Vo) = ¢(Vo),
and, for all y € p(V),

(@an © (lalav) © 93, ) (%) = @an(la(he™" (1)) = @an(ahp™ (y))
= ¢((ah) " ahe™ () = y.
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In particular, @an © (la]avy) © gp;l is smooth, and then [, is smooth.
4° Our aim at this stage is to show that, for all a € G, the continuous
mapping
I,:G— G, hw— aha™ !,

is smooth. To this end, consider the set
M :={a € G| I, is smooth on some neighborhood of 1 € G}
and note that
M-M C M and Vy C M.

(The first of these inclusions follows since I, o I, = I, for all a,b € G, while
the second inclusion follows by property (b) at stage 1°.) The above inclusions
show that

(o9}
Uve---wcm
n=1

n times

Since G is connected, it then follows by Remarks C.8 and C.9(a) that G = M.
Consequently, for each a € G, the mapping I,: G — G is smooth on some
neighborhood U of 1 € K(C G). Now, for every h € G and u € U we have

(Io o lp)(u) = ahua™" = aha™ - aua™ = (Ipq-1 0 I)(u),

hence the diagram
U " hU

IalUl J/Iath

G lahafl G
is commutative. Since both I, and l,;,—1 are diffeomorphisms (by stage 3°)
and I,|y: U — G is smooth, it follows that

Ia|hU: hU — G

is in turn smooth. Thus for every h € G we can find the open neighborhood
hU of h such that I, is smooth on hU. That is, I,: G — G is smooth.
5° Now we are ready to prove that the group operations of G are smooth.

For all a € G denote

rqe: G — G, hw ha,
and also

n:G—G, h—h'
Then 7 is smooth on the neighborhood Vj of 1 € G. For h € G arbitrary and
v € Vp we have n(hv) = v=*h=! = 1,-1 (I,(n(v))), hence the diagram

7

Vo —— AV
@ y
l,—10ln
G — G
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is commutative. Since both mappings I, and l;-1 o I}, are diffeomorphisms
(by stages 3° and 4°) and 7|y, is smooth, it then follows that 7 is smooth on
the neighborhood hV; of h. Since h € G was arbitrary, we deduce that 7 is
smooth throughout G.

Finally, note that for all a1, as,g,h € G we have

m(algva2h> = a1a2 - aglga2 “h= (Zalaz o m)(I 71(9)7 h)a
hence the diagram

laqy Xlay
Wo X WO E—— G1WO X (IQW()

I, xidgl lm
l om
Vb X VO e G

is commutative, where Wy is a neighborhood of 1 € G such that 1 € W, C 1
and Ia; (Wo) C Vp. Since ly,q,0m: Vo xVy — G is smooth, and the mappings
la, X lq, and Ia2—1 x idg are diffeomorphisms of G x G onto itself, it follows
by the above commutative diagram that the multiplication mapping m is
smooth on the neighborhood a1 Wy x aaWy of (a1,as2) € G x G. Since the
point (a1,a2) € G x G is arbitrary, we get that m: G x G — G is smooth.

6° It only remained to explain the uniqueness assertion. To this end, let 1
be as at stage 1°, and G and G5 two structures of Lie group on the topological
group G such that both G; and G5 induce the initial manifold structure of
K. We have already seen at stage 4° that

o0
G=JW V. (3.1)
n=1
- n times
For every n > 2 and vq,...,v,—1 € V) we have the commutative diagram
id
Vo B Vo
G G
lvll'“vn—ll J{lvf‘””n—l
id

V1 vp Vo —m o 1 Ve

where the columns are the left translations g — vy - - - v, _1g in the Lie groups
G171 and G, respectively. Since the upper horizontal arrow is smooth by the
assumption on G; and Go, it follows that the lower horizontal arrow is smooth
as well. Thus idg: G; — G» is smooth on a neighborhood of v1 ---v,—1 € G.
Then (3.1) implies that idg: G; — G2 is smooth. Similarly, the mapping
idg: G2 — G is smooth, hence the manifold structures of the Lie groups G
and G4 coincide.
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REMARK 3.4 In the setting of Theorem 3.3, if the manifold underlying
the local group K is actually real analytic and the multiplication and inver-
sion are real analytic on some neighborhood of 1 € K, then the manifold
underlying the Lie group G is in turn real analytic and the group operations
of G are real analytic mappings.

THEOREM 3.5 Let H be a Banach-Lie group, g a real Banach-Lie alge-
bra, and ¢: g — L(H) an injective homomorphism of topological Lie algebras.
Then there exists a connected Banach-Lie group G and an injective homomor-
phism of Lie groups f: G — H such that g = L(G) and ¢ = L(f).

PROOF Denote h = L(H). It follows by Theorem 2.42(i) that there exist
an open neighborhood V of 1 € H and a real number R > 0 such that the
exponential map of H induces a diffeomorphism exp; |Bh(O,R) : By(0,R) — V.

On the other hand, since ¢: g — b is continuous, there exists r > 0 such
that ¢(Bg(0,7)) € By(0, R). Denote

G = ((expy o) (Bg(0,7))) € H

(i.e., G is the subgroup of H generated by (expy o@)(Bg(0,7))). We will
equip the group G with a structure of connected Banach-Lie group such that
L(G) = g and the inclusion mapping f: G — H satisfies L(f) = ¢.

To this end, denote

K = (expy 09)(Bg(0,7)).

There exists a unique Banach manifold structure (in particular a Hausdorff
topology) on K such that the bijective map 0 := expy : ¢[p,0,r): Bg(0,7) —
K is a diffeomorphism. Now recall from Remark 1.27 that the Banach-Lie
algebra g may be assumed contractive. It then follows by Proposition 1.33
that Bg(0,7) has a structure of local Lie group with the multiplication defined
by the Baker-Campbell-Hausdorfl series H(:,-), and the inversion given by
x +— —x (see also Proposition 1.23). Then the diffeomorphism 6: By(0,r) —
K allows us to define a structure of local Lie group on K with respect to
the multiplication and the inversion inherited from G (see Proposition 2.49).
Since the subgroup G of H is generated by K, it follows by Theorem C.11
that G has a unique group topology such that the inclusion map K — G is an
embedding and K is an open neighborhood of 1 € G. Since K is connected
(being homeomorphic to the ball Bg(0, 7)), we deduce by Remark C.9(b) that
the topological group G is connected.

We have seen above that K has a structure of a local Lie group, hence it
follows by Theorem 3.3 that G possesses a structure of a Lie group modeled on
the Banach space underlying g. (The latter fact follows since §: By(0,7) — K
is a diffeomorphism of By(0,7) onto the open neighborhood K of 1 € G.)
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We now show that we have even L(G) = g. To this end, first use Re-
mark 1.27 again to see that we may assume that the Banach-Lie algebra
h = L(H) is contractive. Then pick g, Ry € (0, (log2)/2) such that ro < r
and ¢(Bg(0,79)) € By (0, Ry). Then for all for all z,y € By(0,79) we have

O(H(z,y)) = expy (p(H(z,y))) = expy (p(2)) - expy (p(y)) = 0(z) - 0(y)

where the second equality follows by Remark 1.34, while the third one follows
by Proposition 2.49. (Actually this is the way we defined above the multi-
plication and the inversion mapping in the local Lie group K.) Now, since
0: B4(0,7) — K is a local chart around 1 € G, it easily follows by the above
equalities that the bracket of g agrees with the one of L(G), that is, L(G) = g.
It also follows that the inclusion mapping f: G — H is smooth around 1 € G.
Since f is a group homomorphism, and both G and H are Lie groups, it then
follows that f is smooth throughout G.

To conclude the proof, we have to show that L(f) = ¢. In fact, for = €
Bg(0,7), the path

t— O(tx)

can be extended to a one-parameter subgroup of G (see Remark 2.32) whose
image by f is t — expy(p(tz)). Thus L(f)x = ¢(z) for x € By(0,r), whence

L(f) = p on g.

REMARK 3.6 Let G be a group and G a normal subgroup of G. Assume
that Gq is equipped with a structure of Lie group such that for every g € G
the map

Go — Go, h— ghg™*,

is smooth. Then, using arguments from stages 2°, 3°, and 5° in the proof
of Theorem 3.3, it is not hard to prove that there exist on G a uniquely
determined topology and a manifold structure making G into a Lie group
such that Gg is at the same time closed and open in G and the original
manifold structure of Gy coincides with the manifold structure inherited by
G as an open subset of G. Moreover, if the manifold underlying the Lie
group G were real analytic and the multiplication and inversion in G were
real analytic maps, then the similar properties hold for the Lie group G.

COROLLARY 3.7 Assume that H is a Banach-Lie group with the Lie
algebra by, G is a closed subgroup of H and denote

g={zebh|(VteR) exps(tx)e G}.

Then g is a closed subalgebra of h and there exist on G uniquely determined
topology T and manifold structure making G into a Banach-Lie group such
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that L(G) = g, the inclusion map G — H is smooth and the diagram

g —— b

expg l J{epo

G —— H

is commutative, where the horizontal arrows stand for inclusion maps.

PROOF The fact that g is a closed subalgebra of h follows by Theorem 2.47
since G is closed. Now denote Gy = {(expy g) (the subgroup of H generated
by expy g).

It follows by Theorem 3.5 (and its proof) that G has a uniquely determined
structure of a connected Banach-Lie group such that L(Gy) = g, the inclusion
map f: Gp — H is smooth and ¢ := L(f): g < b is the inclusion map.

On the other hand, for all g € G, t € R and = € g we have

expy(g-te-g~ ') =g-expy(te) g~ €G

whence gz - g~! € g. Then the above equality shows that g-expy g-g~* C
expy g, which implies that Gy is a normal subgroup of G. Note that the
above equality along with Theorem 2.42(i) imply that for all g € G the map
Go — Gg, h — ghg~! is smooth on some neighborhood of 1 € Gy, hence it
is smooth throughout Gy (since that map is actually an automorphism of the
group G). Now we can make use of Remark 3.6 to endow G with a Lie group
structure such that Gy is at the same closed and open in G. In particular Gy
is just the connected 1-component in G and L(G) = L(Gy) = g. The other
assertions then follow at once.

COROLLARY 3.8 In the setting of Corollary 3.7, if the Lie group H is
finite dimensional, then the topology T coincides with the topology inherited
by G from H.

PROOF We have dimg < dimb < oo, hence the Lie group G is in turn
finite dimensional. In particular, the topology 7 is locally compact. Now
recall that continuous bijective maps from compact spaces onto Hausdorff
topological spaces are always homeomorphisms. It then easily follows that
the continuous map idg: (G,7) — G is actually a homeomorphism, and we
are done.

For the next statement we recall the notation T = {z € C | |z| = 1} for the
unit circle in the complex plane.

COROLLARY 3.9 Let v: R — T2 be a one-parameter subgroup of the
2-dimensional Lie group T?. If Kery = {0}, then v(R) is dense in T2.
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PROOF Denote H = T? and let G be the closure of y(R). It then follows
by Corollaries 3.7 and 3.8 that G has a structure of Lie group with respect
to the topology inherited from H, and the Lie algebra of G is a subalgebra of
L(H). In particular, dim G < 2 and G is compact. Moreover, G is connected,
as the closure of a continuous image of the connected space R.

If dimG = 0, then G reduces to a set of isolated points in H. Since G is
connected, we see that G = {1}. Thus we get the contradiction Kery = R.

If dim G = 1, then consider the linear map L(v): L(R) = R — L(G) = R.
(Note that actually v: R — G.) Thus either L(vy) = 0 or L(y) is an iso-
morphism. In the first case we have {1} = (expgoL(7))(L(R)) = (yo
expr)(L(R)) = v(R), a contradiction. Hence L(v): L(R) — L(G) is an iso-
morphism, and then v: R — G is a local homeomorphism at 0 € R. This
implies that the subgroup v(R) of G is open. But ¥(R) is dense in G, hence
¥(R) = G, and then v: R — G is a homeomorphism. Since G is compact
while R is not, we again get a contradiction.

Thus we must have dimG = 2 = dim H. Then G has to be an open
subgroup of H. But G is also closed and H is connected, hence G = H, and
we are done.

REMARK 3.10 Let us describe a way to construct one-parameter sub-
groups of the torus T? to which Corollary 3.9 applies. To this end, note that
the torus can be expressed as a quotient group of additive groups T? = R?/Z2,
and denote by
1:R* = T?  (2,9) — (z,y) +Z2
the canonical projection, which is a homomorphism of Lie groups.
Now pick a € R\ Q. Then

’YOL: R - T27 ’Y(X(t) = ﬂ'(tv Oét),
is a one-parameter subgroup of T? with ker~, = {0}. In fact, if t € Ker~,,
then (t,at) € Z?. Thus t,at € Z, and then ¢t = 0 since otherwise we get
a = (at)/t € Q, a contradiction. Consequently Ker~y, = {0}, and then 7, (R)
is dense in T? by Corollary 3.9.

A one-parameter subgroup of T? of the type v, with a € R\ Q is usually
called a dense wind.

REMARK 3.11 In the setting of Corollary 3.7, assume that there exist
an open neighborhood V of 0 € h and an open neighborhood U of 1 € H such
that expy induces a diffeomorphism of V onto U and expy(V Ng) =UNH.
Then the topology 7 coincides with the topology inherited by G from H.

REMARK 3.12 Let H be a complex Hilbert space and consider the group

U(H) of all unitary operators on H. Also denote
uw(H)={AeB(H)| A" =—-A}.
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Then U(H) is a closed connected subgroup of the Banach-Lie group GL(H)
and the topology 7 referred to in Corollary 3.7 is in this case just the norm
topology of U(H), that is, the topology inherited from GL(H). Moreover u(H)
equals the Lie algebra of the Banach-Lie group U(H).

REMARK 3.13 Let G and H be Banach-Lie groups such that G is simply
connected. Then Theorem C.19 can be used to show that for every homomor-
phism of topological Lie algebras ¢: L(G) — L(H) there exists a homomor-
phism of Lie groups f: G — H with L(f) = ¢.

3.2 Topological properties of certain Lie groups

Our aim in this section is to prove that any continuous mapping from a
compact space into the unitary group of an infinite-dimensional separable
Hilbert space is homotopic to a constant mapping (see Corollary 3.29 below).
In order to obtain this result, we first prove the similar property for the group
of invertible operators (Theorem 3.15).

NOTATION 3.14 Throughout this section we denote by H an infinite-
dimensional separable Hilbert space over K € {R, C} and consider both groups

G := GL(H) ={T € B(H) | T invertible}

and
U:=UH)={TeBH)|T'T=TT" =idy}

equipped with the operator norm topology.
Moreover, for all Ty € B(H) and € > 0 we denote

B(To,e) ={T € B(H) | |IT — Tp|| < &}-
THEOREM 3.15 If S is a compact topological space, then for every con-

tinuous map f: S — G there exists a homotopy H: [0,1] x S — G such that
H(0,s) = f(s) and H(1,s) =1idy for alls € S.

The proof of this theorem will be achieved by means of several lemmas.
Until after that proof we will make use of the notation from the statement of
Theorem 3.15.

LEMMA 3.16 There exists a homotopy
0,1] x S —= G, (¢, 5)— fi(s),
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such that fo = f and
W = spg (f1(9))

is a finite-dimensional subspace of B(H).

PROOF Denote fy:= f, according to the statement. The construction of
the desired homotopy has three steps.

1° Since S is compact and fj is continuous, it follows that fo(.S) is a compact
subset of G. Since G is an open subset of B(H), it then easily follows that there
exist N >1,¢e1,...,exy >0and Z1,...,Zy € fo(S) such that g7 < --- < ey,
and moreover

N
fo(S) CD:= U B(Zj, ;)

and B(Z;,3¢;) CGforj=1,...,N.
Now for j =1,..., N define

Yij: D — [0,00), ’(/)7(2) = max(ej - ||Z - Zj”,o)-

N

If Z € B(Zj,e;), then ¢;(Z) > 0, hence > ¢; > 0 on D. Then we can define
j=1

the continuous functions

¥;

9 forj=1,...,N.
ttey

wla""QDN:’D*)[Oa]-], w5 =

We have @1+ - -+¢n = 1 and supp ¢; = suppyp; = B(Z;,¢;)forj=1,...,N.
2° Now for all ¢ € [0, 1] we define

N
g:D— B(H), g(2)=(1-tZ+tY ¢;(2)Z;.

Jj=1

It is clear that go = idp and ¢1(Z) C co{Z1,...,Zn}. We now claim that for
each t € [0, 1] we have ¢;(D) C G.
In fact, for Z € D arbitrary, denote

{i|Z e B(Zie)}t = {ir,....u}
with iy < --- < 4. Then B(Z;,,€4,)U---UB(Z;,,€;,) € B(Z;,,3¢i,) since g;, <

I l
-+ < g, and () B(Z;,,€i,) # 0. Since ¢:(Z) € co({Z} Uy B(Zik,eik)>,
k=1 k=1

we get g:(Z) € E(Zil,3eil) C G, as claimed.
3° According to the properties of g;, we can define f;: S — G, f; :==gi0 f,
to obtain a continuous map

[0,1] x S = G, (t,3)— fi(s),
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such that the subspace spg(fi(S)) of B(H) is finite dimensional. In fact,
f1(S) = g1(S) C g1(D) C spg{Z1,...,Zn}. To conclude the proof, note that
fo =goo f =idp o f = f, hence the notation for fy agrees with the one
introduced at the very beginning of the proof.

DEFINITION 3.17 In what follows, we make use of the notation W :=
spi(f1(9)) introduced in the statement of Lemma 3.16. Moreover, we denote
N = dimg W

and pick a basis {W1,...,Wx} C f1(S) (€ G) of W.
On the other hand, we denote

M := Slellgmax{llﬁ(S)H’ If1()7H} (< 00)
(note that f1(S) is a compact subset of G!) and
War = {W € WG | max{ W], [IW} < M},
so that f1(S) C Wyy.

REMARK 3.18 For every vector z € ‘H we have dimg (spg (f1(S)z)) =
dimg (Wzx) < N.

DEFINITION 3.19 Now we are going to construct inductively three se-
quences of objects

a,ag,... € H, |a;]]=1foralli>1,
al,ay,...€H, |[a?|| =1 foralli>1,
A1, Ay, .. . linear subspaces of H, dimg(A;) =N +2foralli>1

such that
o spx({ait UWa;) L (A1 + -+ A1),
o af L (spx({ai} UWay) + (A1 +--- + Ai 1)),
o A; Dspg({ai,a?} UWa;), and
o A L (A1 +--+4,4).

To this end, pick a; € H arbitrary with ||a;|| = 1. Then take af € H such
that [la?|| = 1 and a L spgx({a1} UWay). It then follows by Remark 3.18
that we can find a linear subspace A; of H such that

Ay Dspg({ar,al} UWay) and dimg(A4;) = N + 2.
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Now assume that ai,...,a;,_1, a’,..., a?_l, Aq,...,A;_1 have been already
constructed. Then each of the subspaces A and Wfl(Aé-) has finite codi-
mension (where the W;’s are the ones introduced in Definition 3.17), hence
i—1 N

N (Aé- NN Wj_l(Aé‘))) # {0}, since dimg H = oo. Let us pick an arbi-
k=1 j=1

trary unit vector a; in that nonzero intersection. Then we have spg({a;} U
Wa;) L (A1 + -+ A;_1). Now let a) be an arbitrary unit vector with
ad L (spg({a;i} UWa;) + (A1 4 -+ A;_1)). Then Remark 3.18 again shows
that there exists a linear subspace A; of H with the desired properties.

DEFINITION 3.20 For each 7 > 1 we define
kit [0,1] x War = U (C G)
in the following way. Let W € W, be fixed. If ¢ € [0,1/2] then we define
cosmt —sinmt 0
ki(t, W)= | sinmt cosmt 0 :H—H (3.2)
0 0 idgwa, a0+

With respect to the orthogonal decomposition H = KWa; ®Kal®{Wa;, a?}+.
On the other hand, if t € [1/2, 1], we define k;(¢t, W): H — H such that

cosm(t — %) —sinm(t — %) 0
ki(t, W)= | sinm(t —5) cosm(t—3) 0 ki(5,W): H—H (3.3)
0 0 idjgoaye

with respect to the orthogonal decomposition H = Ka & Ka; ® {a?,a;}*.

REMARK 3.21 Let us record some basic properties of the maps x; : [0, 1] x
Whir — U constructed in Definition 3.20.

(i) Both maps #;l[,1/2)xw,, and Kil[1/2,1)xw,, are continuous and agree on
the set {1/2} x Wy, hence k;: [0,1] x Wyy — U is continuous for all
> 1.

(ii) We have
(VW S W]u) ni(O, W) = idH

for all 4 > 1.

(iii) Since A; D spg({ai,a?} UWa;), we have A C ({a;,al} UWa;)*, and
thus
(Vt S [0, 1])(VW € WM) /{i(t, W)|AIJ. = idAﬁ-

for all 4 > 1.
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(iv) Let W € Wy, arbitrary. With respect to the orthogonal decomposition
H=KWa; ®Ka) ® {Wa;,a?}+ we have

0-1 0
k(3 W)=[1 0 o0
0 0id{wa,a0)e

hence (k;(1/2,W))Wa; = [|[Wa;||al. On the other hand,

0-1 0
Ki(l,W) =|1 0 0 Ki(l W),
0 0idgao 4,3e

where the matrix is computed according to the orthogonal decomposi-
tion H = Ka) @ Ka; @ {a,a;}*. Since (k;(1/2,W))Wa; = |[Was|a?,
we eventually get

(Hi(l, W))Wal = ||Wa,|\al

for all W € Wy and i > 1.

REMARK 3.22 Ifz,y€H,6¢€[0,7/2] and u € K satisfy the conditions
(zly) = llz]| - l|ly]| - w - cosf and |u| = 1, then a straightforward computation
shows that |z — y|| > 2sin(0/2) min{|z||, |ly|}.

LEMMA 3.23 The family {k;};>1 is equi-continuous.

PROOF  First note that for all i > 1, ¢,¢' € [0,1] and W, W' € Wy, we
have

s (', W) = ks (8, W < i (8", W) = ki (8, Wl + [l (8, W) — (8, W]

Since both k;(t, W) and k;(t, W’) are unitary operators, we further obtain

that
i (', W) = wi(t, W <[lma(t’, W)k (t, W) ™1 — idy|

+ ||Hi(t7 Wl)Hi(t7 W)_l - 1dHH
On the other hand, note that for all § € [0, 7] we have
j cosf —sinf\ ||
2 sinf cosf /|

It then follows by (3.2) and (3.3) (in Definition 3.20) that

(3.4)

0 in? —cos? 0
2sin2<25m5 C055>H_2s1n2ge. (3.5)

COS 5 S1n 5

||’€i(t/aW/)"{i(t7W/)_1 _ld'H” S 7T|t—t/‘ (36)

whenever W/ € Wy, and either ¢,¢ € [0,1/2] or ¢,¢ € [1/2,1]. We thus have
an appropriate estimate of the first term in the right-hand side of (3.4).
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The second term in the right-hand side of (3.4) is constant for 1/2 <¢ <1
(see (3.3)), hence it suffices to estimate it only for 0 < ¢t < 1/2. For such
values of t, we are going to prove that

|k (8, W)k (8, W) ™1 —idy|| < 2M||W — W'|]. (3.7)

To this end, let p stand for the left-hand side of (3.7). If KWa; = KW'a;,
it follows by (3.2) that x = 0, hence (3.7) holds. Now assume that KiWa; #
KW'a; and denote

Y = spgfa], Wa;, W'a;}.

Then dimg Y = 3 and &;(t, W')|yr = ki(t, W)|yr =idy. by (3.2).
Now let 6 € [0,7/2] and v € K, |u| = 1, with (W'a;|Wa;) = [|[Wa, -
IW'a;|| - uwcosf and define

u*l -1

u -
Y= e Wai, Y2 = =92,
[Wagl| ™ 152l
where o := W'a; — (W'a;|y1)y1. Then {a?,y1,y2} is an orthonormal basis in
Y. With respect to this orthonormal basis we define

10 0
R:Y—)Y, R=/|(0cosf —sinf |. (3.8)
0 sinf cosf

We have Wa; = ||[Wa;||uy; and Wa; = (Wa;|y1)y1 + u||gz2]|y2, hence

0 0
Wa; = | |[Wallu | and Wa; = [ (W'ai|y1)
0 ul[ g

with respect to the orthonormal basis {a?,yl,yg} of Y. On the other hand,
we have (W' a;|y1) = (Wa;|Wa;)/||Wa;|| = ||W!a;||ucos @, hence

~ 1/2 .
ldall = (IW'aill® = |(Wasly1)[)"* = [W'a | sin.

This implies that

; ) Wi
R(Wal) = ||Waz||u -R11])] = ||WaiH’UJCOSQ = W . W/a/i.
0 [[Wa;||usiné IWai]

Thus R: Y — ) is the rotation of ) around K - a) mapping K - Wa; onto
K- W'a;. It then follows by the definition (3.2) of x;(¢, W) that

Hi(t,W/)b; =Ro /il‘(t, W)|y 9] R_l.
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Consequently, if p stands for the left-hand side of (3.7), then we can estimate
1 in the following way:

p=||Roki(t,W)|y o R " ori(t, W) "y — idy|
= ||ki(t,W)]y o R o ki(t, W)ty — R
< |lki(t, W)y o R4 o ky(t, W)~y —idyl| + [lidy — R,

where the second equality follows since R is unitary. Thence, using the fact
that x;(t, W) is unitary, we get

p < 2[lidy — R

< 4Sing (by (3.5))
< (min{||[Wa|, ||VV’aZ-||})_1 NWa; — W al (by Remark 3.22)
<20 (W~ W] (by WV € W)
<2M - |W —W/| (since ||a;]] = 1).

Thus (3.7) is proved. Now the desired conclusion easily follows by inequalities
(3.4), (3.6) and (3.7).

DEFINITION 3.24 We define «: [0,1] x Wy — U by

ki(t, W)z if ¢ € A; for some ¢ > 1,
T ifx L A; foralli>1,

k(t, W)x = {

whenever ¢ € [0,1], W € Wy, and = € H. Note that (¢, W)z is well defined
since A; L A; whenever i # j. Moreover, it follows by Lemma 3.23 that the
mapping «: [0,1] x Wy — U is continuous.

REMARK 3.25 For later use, let us state some basic properties of the
map £: [0,1] x Wy — U introduced in Definition 3.24.

(a) For all W € W) we have x(0, W) = idy (€ U).
(b) If W € Wy and 7 > 1 then, by Definition 3.24 and Remark 3.21(iv),

k(L W)Y Wa;) = |[Wa;l|a;.

LEMMA 3.26 The homotopy

[L,2) xS =G, (ts) = fils) = st =1, f1(s)) f1(s)

leads to a continuous mapping fo: S — G such that fa(s)a; = || f2(s)as||a; for
all se S andi>1.
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PROOF Note that the homotopy is continuous since both x and f; are
continuous. The property of f5 follows by Remark 3.25(b) since f1(S) C Wy
and the values of x are unitary operators. I

DEFINITION 3.27 We denote by H the closed linear subspace of H
spanned by the orthonormal sequence {a;};>1. Note that

dimg H = dimg H* = dimg H = No,

where the fact that dimg HL = Nq follows since H' contains the orthonormal
sequence {a};>1. (See Definition 3.19.)

LEMMA 3.28 There exists a homotopy
[2’3] XSHGv (t,S)Hft(S)
such that f3(s)|g =idg for all s € S.

PROOF Forte[2,3],s€ S and z € H we define

B -tfa(s)z+(t-2)z ifzeH,
ft(s)_{fg(s)a: ifz LH.

Since f2(s)|z is a positive invertible operator on H (as an easy consequence
of Lemma 3.26), it follows that f;(s)|5; has the same property. Now it is
straightforward to check that fi(s) € G for all t € [2,3] and s € S.

Moreover, it is clear that f3(s)|z = idz. I

PROOF (of Theorem 3.15) It follows by Lemmas 3.16, 3.26 and 3.28
that there exists a homotopy

[0,3] x S =G, (¢ ) fi(s),
such that fo = f: S — G is the given continuous map, and f3: S — G has
the property f3(s )|H = idy for all s € S, where H is a closed subspace of
H such that dimg H = dlmK HE = dimg H = R (see Definition 3.27). To
conclude the proof, it suffices to show that there exists a homotopy

3,4 x S = G, (t,3)— fi(s),

such that fa(s) =idy for all s € S (ie., fs: § — 5 — G is a constant map).
To this end, first use the fact that both H and H have the dimension Ng to
construct a sequence {H,};>2 of closed subspaces of H such that H = @ H,
j>2
and dimg H; = Rg for all j > 2. Thus, by denoting H; := HL, we have

H=H1@®H2®--- and dimg H; =N, for all j > 1.
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Actually, since all the Hilbert spaces H; have the same dimension, we may
assume for the sake of simplicity that H; = Ho = --- = H* .
Now fix j > 1 for the moment and consider the homotopy

H;: [0,%] x (GL(H;) x GL(H;j4+1)) — GL(H; & Hj11)
defined by

A0 A0
H; (t’ <0 B>) . Hj’t((o B))
(A0 cost sint) (1 0 cost sint\
" \01/) \—sintcost) \0 B/ \ —sint cost ’

where the scalars actually stand for the corresponding scalar multiples of the
operator idy; = idy Then for all A € GL(H;) and B € GL(H;41) we
have

J+1°

(5 (3 ) =men((3 ) = (479).

Now consider the elements of B(H) represented by infinite matrices with en-
tries in B(H;), according to the orthogonal decomposition H = H1 & Ha B - -,
where H; = Hy = ---. Using this convention, denote
T o
1
V:{ 1 € GL(H) |T€GL('H1)} CG.

Also denote by 7: V — G the inclusion mapping, by 79: V — G the mapping
that is constant idy € G, and define

T 0 T 0
1 T-1

no: VYV — G, 1 — T
1 T-!

0 0

Then
a:[0,5]xV =G, (t,V)r (Hiyx Hsyx - )(no(V))

is a homotopy such that «(0,V) = no(V) and a(n/2,V) = idy whenever
V € V. On the other hand,

B:10,5]xV -G, (t, V) (ideLpy) X Hap x Hyy % -+ ) (no(V))

is a homotopy with 8(0,V) = no(V) and 8(7/2,V) =V for all V € V. Then
it is easy to construct (from « and ) a homotopy

v: 3,4 xV =G
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such that v(3,V) =V and y(4,V) = idy for all V e V.
Now, since f3(S) C V, it follows that

[3,4] x S — G, (t,s) — (t, f3(s)) =: fe(s)

is a homotopy with f4(s) = idy for all s € S, and the proof ends. I

COROLLARY 3.29 If S is a compact topological space, then for every
continuous map f: S — U there exists a homotopy H: [0,1] x S — U such
that H(0,s) = f(s) and H(1,s) =idy for all s € S.

PROOF The proof has two stages.
1° We show at this stage that the map

7 G—U, 7(T)=T-(T"T)"/?

is continuous. To this end, first note that 7 is well defined since for all T € G
we have

(T 7(T) = (T*T) 2T T(T*T) /2 = idy

and similarly 7(T)7(T)* = idyx. Now, to show that 7 is continuous, it suffices
to check the continuity of the map G — G, T + (T*T)'/2.
To this end, assume that lim 7,, =T in G. Since lim ||T,] = ||T] > 0,
n—oo n—0o0
there exist ¢,d > 0 such that c¢-idy <17, < d-idy for all n > 1. Then let
{p;: [c,d] — R};>1 be a sequence of polynomial functions such that lim p; =
j—oo

r uniformly on [¢, d], where
r:le,d] = R, r(t) =t

Forall j > 1 and S € {T}U{T, | n > 1} we have ||p,;(S*S) — r(5*9)| <
sup lpj — |- Since [[r(T*T) = r(T;To)|| < [r(T*T) = pi(T*T)| + [lp; (T*T) —
pi(TT) | + P (T3 Th) = (TR T) || we easily get lim |[#(TT) —r(T3T5)|| =
0, as desired.

2° Now let us use Theorem 3.15 to construct a homotopy

H:[0,1]xS—>G

with H(0,s) = f(s) and H(1,s) = idy for all s € S. Then, according to

stage 1°, the map H =70 H: [0,1] x S — U is a homotopy with the desired
properties, since 7(T') = T whenever T € U.

For the last statement of this section we recall from Notation 3.14 that we
have denoted by G the group of invertible operators on a complex separa-
ble Hilbert space H, and by U the subgroup of G consisting of the unitary
operators.
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COROLLARY 3.30 Both Lie groups G and U are simply connected.

PROOF It follows by Theorem 3.15 and Corollary 3.29 that the Lie groups
G and U, respectively, are pathwise simply connected. Thus they are simply
connected by Theorem C.17.

3.3 Enmlargible Lie algebras

In this section we introduce the notion of enlargible Lie algebra and discuss
simple sufficient conditions for a Banach-Lie algebra to be enlargible. We then
use Corollary 3.30 to construct a non-enlargible Banach-Lie algebra.

DEFINITION 3.31 A real topological Lie algebra g is said to be enlargible
if there exists a Lie group G with L(G) = g.

The following statement shows that enlargibility is a hereditary property.

THEOREM 3.32 Let g and b be two real Banach-Lie algebras. If b is en-
largible and there exists an injective homomorphism of topological Lie algebras
p: g — b, then g is in turn enlargible.

PROOF This is an immediate consequence of Theorem 3.5. I

COROLLARY 3.33 Let g be a real Banach-Lie algebra. If there exists a
real Banach space X and a continuous injective homomorphism of topological
Lie algebras p: g — B(X), then g is enlargible.

PROOF We know from Example 2.22 that B(X) is the Lie algebra of
the Banach-Lie group GL(X), hence B(X) is enlargible. Then the conclusion
follows by Theorem 3.32. I

COROLLARY 3.34 FEvery finite-dimensional real Lie algebra is enlargi-
ble.

PROOF  First recall that every finite-dimensional real vector space has a
unique Banach space topology. Now let g be a finite-dimensional real Lie
algebra and think of it as a Banach-Lie algebra. It follows by Ado’s theorem
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(Theorem 1.13) that there exists a finite-dimensional real vector space X and
an injective homomorphism of Lie algebras ¢: g — End (X). If we think of
X as a Banach space, then End (X) = B(X), hence the desired conclusion
follows by Corollary 3.33.

Example of non-enlargible Banach-Lie algebra

In Example 3.35 below, we use the complex separable Hilbert space H =
(*(Zy), the group U = U(H) of all unitary operators on H and the real
Banach-Lie algebra

u:={AeB(H)| A* = —-A}.
We remark that the direct product g := u X u has a natural structure of real
Banach-Lie algebra with componentwise defined operations.

EXAMPLE 3.35 Let [ AS R \ Q and denote
t:={(it - idp, it - idy) |t e R} Cuxu=:g.

Then ¢ is a closed (one-dimensional) subalgebra of g with [¢,g] = {0}. Then
it is easy to check that the quotient Banach space

h:=g/t
has a well-defined structure of real Banach-Lie algebra with the bracket de-
fined by
(Ve,y€g) [r+by+t =[xy +E
We are going to show that the Banach-Lie algebra h is non-enlargible.
In fact, let us assume that there exists a Banach-Lie group H with L(H) =
h. Then consider the canonical projection

p:g—g/t=b,
and note that ¢ is a homomorphism of topological Lie algebras. On the other
hand, recall from Remark 3.12 that U is a Banach-Lie group with L(U) = u,
hence L(U x U) = u x u=g. Since U is simply connected by Corollary 3.30,
it follows that U x U is in turn simply connected. Then Remark 3.13 shows
that there exists a homomorphism of Lie groups

fiUxU—H

with L(f) = ¢. Now note that ¢ = Ker ¢, hence f(expyyy &) = expy(p(8)) =
1, and then (expy ) C Ker f, where (expy &) stands for the subgroup
of U x U generated by expy . €. Since Corollary 3.9 along with Remark 3.10
show that (expgr .y ) is dense in T -idy x T -idy (C U x U), it then follows
that T -idy x T -idy € Ker f. The latter inclusion implies that Ker¢ 2
L(T -idy x T - idy) = iR - idy X iR - idg;, which contradicts the fact that
Ker ¢ = £ is 1-dimensional. Consequently, there cannot exist a Lie group H
with L(H) = .
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Notes

The present chapter is an introduction to some of the very basic ideas of
enlargibility, in order to supply a motivation for the enlargibility criterion that
will be proved in Chapter 8 (more precisely, see Corollary 8.36). We emphasize
that we made no attempt to survey here the results that were obtained in the
last forty years on enlargibility questions. Some recent references where such
questions are addressed are [Pe88], [Pe92], [GNO03], [Ne02d], and [Be04]. On
the other hand, some of the first papers treating on enlargibility of local groups
are [EK64] and [Sw65].

Theorem 3.3 appears as Lemma IV.1 in [Ne02d]. See also [Ne04]. Our
Corollary 3.7 appears as Corollary 7.8 in [Up85]. The special case for finite-
dimensional Lie groups (see Corollary 3.8) is known as “Cartan’s theorem on
closed subgroups.” In this special case, other proofs can be found in [Ho65]
and [WaTl].

Corollary 3.29 is the main result of N. Kuiper’s paper [Ku65]. In the present
chapter we essentially follow the method of proof of that paper. We refer to
[Ne02b] for the extension of Corollary 3.29 to arbitrary Hilbert spaces. A
version of Kuiper’s theorem in the framework of purely infinite von Neumann
algebras can be found in the paper [BW76]. Related results can be found in
the papers [Pa65], [Pa66], and [AV02]. See also [Do65].

The converse to Corollary 3.33 is discussed in [ES73]. The result of Corol-
lary 3.34 is known as “Lie’s Third Theorem.” Another proof of that fact
can be found in [Ho65]. The first example of non-enlargible Lie algebra was
described in [EK64]. Example 3.35 is taken from [DLG66].

Copyright © 2006 Taylor & Francis Group, LLC



Homogeneous spaces

Copyright © 2006 Taylor & Francis Group, LLC 77



Chapter 4

Smooth Homogeneous Spaces

Abstract. In the first part of this chapter we explain the notion
of Banach-Lie subgroup. A Banach-Lie subgroup of a Banach-Lie
group is in particular a closed subgroup. Conversely, the question
when a given closed subgroup is actually a Banach-Lie group in
general has no simple answer in the case of infinite-dimensional
groups. However, in the case of closed subgroups of invertible
elements in a unital associative Banach algebra, there exists the
notion of algebraic subgroup, which helps us to deal with a large
number of interesting examples of Banach-Lie subgroups. In the
second part of Section 4.1 we prove the basic theorem on exis-
tence of smooth structures on homogeneous spaces of Banach-Lie
groups. We then introduce the symplectic manifolds of various
types and describe the symplectic homogeneous spaces in Lie al-
gebraic terms. In the last part of the chapter we present a list of
smooth homogeneous spaces that show up in the theory of operator
algebras: unitary orbits of self-adjoint operators, unitary orbits in
preduals of W*-algebras, and then unitary orbits of spectral mea-
sures, conditional expectations, group representations, and algebra
representations, respectively.

4.1 Basic facts on smooth homogeneous spaces

In this section we prove the main theorems concerning constructions of
smooth structures on homogeneous spaces of general Banach-Lie groups. The
most important result is that a quotient of a Banach-Lie group by a Banach-
Lie subgroup is always a smooth homogeneous space (Theorem 4.19). We also
discuss the notion of algebraic subgroup, which is helpful in order to produce
concrete examples of Banach-Lie subgroups.

79
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80 Smooth Homogeneous Structures in Operator Theory

Banach-Lie subgroups

DEFINITION 4.1 Let G be a Banach-Lie group and H a subgroup of G.
We say that H is a Banach-Lie subgroup of G if the following conditions are
satisfied.

(i) The subgroup H is endowed with a structure of Banach-Lie group whose
underlying topology is the topology which H inherits from G.

(ii) The inclusion map ¢: H — G is smooth and L(:): L(H) — L(G) is an
injective operator with closed range.

(iii) There exists a closed linear subspace 9 of L(G) such that RanL(¢) 4+
M = L(G).

Because of condition (ii) we always identify L(H) to RanL(:), so that we
think of L(H) as a closed subalgebra of the Banach-Lie algebra L(G). In this
way L(¢) is just the inclusion map L(H) — L(G).

EXAMPLE 4.2 1If G be a finite-dimensional Lie group and H is a closed
subgroup of G, then H is a Banach-Lie subgroup of G.

In fact, Corollary 3.8 shows that H has a structure of a finite-dimensional
Lie group satisfying condition (i) in Definition 4.1, and the inclusion map
t: H — @G is smooth and L(:): L(H) — L(G) is injective. The other condi-
tions in (ii) and (iii) in Definition 4.1 follow since dimL(G) < oo.

REMARK 4.3 With the notation of Definition 4.1, there exists a basis of
open neighborhoods W of 1 € G such that for each W € W there exist open
neighborhoods Ugy w of 0 € M and Uy w of 0 € h such that the mapping

Py : Umw x Up,w — W, (z,y) — expg @ - expg ¥,

is a real analytic diffeomorphism.
In fact, consider the mapping

O:Mxbh— G, (r,9)— expe-expagy.

Then ® is a real analytic mapping by Theorem 2.42, and its differential at
(0,0) e M x b is

To0:Mxbh—T1G=g, (z,y)—2x+y,

which is an isomorphism of Banach spaces according to the hypothesis 9+h =
g. Now the claim follows by the local inversion theorem.

Additionally, it is easy to see that {Usm w }wew and {Uy w }wew are basis
of neighborhoods of 0 € 91 and 0 € b, respectively.
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The following statement supplies a very useful characterization of Banach-
Lie subgroups.

PROPOSITION 4.4 Let G be a Banach-Lie group and by a closed subal-
gebra of the Lie algebra g of G. Assume that H is a subgroup of G that has
a structure of Banach-Lie group such that the inclusion mapping 1: H — G
is smooth and L(t) equals the inclusion mapping b — g. Then the following
assertions are equivalent:

(i) The topology which H inherits from G equals the topology underlying the
Banach-Lie group structure of H.

(ii) There exist an open neighborhood U of 0 € g and an open neighbor-
hood W of 1 € G such that expg |v: U — W is a diffeomorphism and
expa(UNh)=WnH.

PROOF  “(i) = (ii)” Since G is a Banach-Lie group we can use Theo-
rem 2.42 to construct an open neighborhood Uy of 0 € g and an open neigh-
borhood Wy of 1 € G such that expg |v,: Uy — Wy is a diffeomorphism.
Similarly, for the Banach-Lie group H we can construct the open neighbor-
hoods U of 0 € h and W of 1 € H such that expy [y;: Uy — Wy is a
diffeomorphism. Since the topology of f is the one inherited from g, we may
additionally assume that Uj C § N Up.

On the other hand, we can use hypothesis (i) to find an open subset W; of
1 € G such that W = Wy N H. Now pick an open neighborhood U of 0 € g
such that

UCUy, UNHhCU, and exps(U)C Wh.
We claim that
expe(U) N H = expe(UNH).

The inclusion O is obvious. To prove the converse inclusion, let z € U arbi-
trary such that exppx € H. Then expoxz € HNW; = W) = expy(U}), so
that there exists 2’ € U} such that expg z = expy 2’. Since z,z’ € Uy, and
expg |w = expy by Remark 2.34, we get = 2/ € U} C h N U. Consequently
expa X € expe(h NU), as desired.

“(ii) = (i)” Since the topology of § is the one inherited from g, it follows
by condition (ii) that for 1 € H we can find a family W; of subsets of H
constituting a basis of neighborhoods in both the topology inherited by H
from G and the Lie group topology of H. Then for each h € H the family
Wy, == {hW}wew, will be a similar neighborhood basis of h € H in both
aforementioned topologies. Now, with the neighborhood basis {W}, | h € H h
at hand, it is easy to show that (i) holds.

PROPOSITION 4.5 Let G be a Banach-Lie group and H a Banach-Lie
subgroup of G. Then H is a closed subset of G.
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PROOF It follows by Proposition 4.4 that there exists an open neighbor-
hood W3 of 1 € G such that W7 N H is closed in the relative topology of Wj.
Then for every h € H we can find the open neighborhood

Wh = th

of h € G such that W), N H = h(W7 N H) is closed in W},. In particular,
denoting by cl H the closure of H in G, we have

(Vhe H)  W,ndH=W,nH.

(In fact, the inclusion D is obvious, while W}, Ncl H is contained in the closure
of W,NH in the relative topology of W, and the latter closure equals W;,NH.)

Consequently, for the open subset W := |J W}, of G we have
heH

H=Hn |JWy,=JHnW,) = {J@HEnW,) =cdHn | ] W,
heH heH heH heH

that is,
H=clHNW.

With this equality at hand, we now come back to the proof of the fact that
H is closed in G, that is, H = cl H.

The inclusion C is obvious. To prove the converse inclusion, let g € cl H
arbitrary. Denote as usually W; ' = {k~' | & € Wi}. Then gW;' is a
neighborhood of g, so that there exists h € Hﬂng_l. Then h=lg € W3 CW.
On the other hand clearly cl H is a subgroup of G, and h,g € cl H, hence
h='g € WNnclH = H. Since h € H, it then follows that g € H, as desired.
Consequently cl H C H, and we are done.

REMARK 4.6 1t follows by Corollary 4.5 and Example 4.2 that, for a
finite-dimensional Lie group, the closed subgroups and the Banach-Lie sub-
groups are the same.

EXAMPLE 4.7 1t follows by Remark 4.6 that the subgroup «v(R) involved
in Corollary 3.9 is not a Banach-Lie subgroup of T2.

The next statement is often helpful in order to prove that the pull-back of
a Banach-Lie subgroup is again a Banach-Lie subgroup.

PROPOSITION 4.8 Let f: Gy — G2 be a Lie group homomorphism be-
tween the Banach-Lie groups G1 and Go. Assume that bo is closed subalgebra
of the Lie algebra go of G2 and Hs is a subgroup of Go that has a structure
of Banach-Lie group with respect to the topology inherited from Go such that
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the inclusion mapping to: Ho — Go is smooth, L(Hs) = bha, and L(i2) equals
the inclusion mapping ha — gs. Denote

b1 =L(f)"'(h2) and Hy = f'(Ha).

Then Hy in turn has a structure of Banach-Lie group with respect to the
topology inherited from Gy such that the inclusion mapping 11: H1 — Gy is
smooth, L(Hy) = by and L(t1) equals the inclusion mapping b1 — g1, where
g1 = L(Gy).

PROOF It follows by Proposition 4.4 that there exist the open neighbor-
hoods Uz of 0 € g2 and V3 of 1 € G2 such that expg, lu,: Uy — Vo is a
homeomorphism and expg, (ho N Uz) = Hy N V5.

Now recall from Remark 2.34 the commutative diagram

L(f)
g1 — 92

o, | Jsve,

el _ Gy
whence it easily follows that
b ={recg |(VtER) expg, (tz) € H}.

Since H; is clearly a closed subgroup of Gy, it follows by Corollary 3.7 that
there exists on H; a unique topology 7 and a corresponding structure of
Banach-Lie group such that L(H;) = b1, the inclusion mapping ¢1: H; — G;
is smooth, and L(¢1) equals the inclusion mapping h; < g1. We are going to
make use of Proposition 4.4 to prove that the topology 7 coincides with the
topology which H; inherits from G;.

To this end let U; be an open neighborhood of 0 € g; and Vi an open
neighborhood of 1 € Gy such that Uy C L(f)~!(Us) and expg, |v,: U1 — V4
is a homeomorphism. In particular there exists the commutative diagram

L(f
U, (Nluy U,
eXpg, ‘UIJ, lCXpG2|U2
Vi L Va

whose vertical arrows are homeomorphisms. We are going to prove that
expg, (hi NUL) = Hi NV,
and then the desired conclusion will follow by means of Proposition 4.4. The

inclusion C is obvious. To prove the converse inclusion, let hy € Hy NV
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arbitrary. Since h; € Vi, there exists a uniquely determined element z; €
Uy such that h; = expg, =1. On the other hand, since h; € Hy, we have

f(h1) = flexpg, 21) = expg,(L(f)r1) € expg,(Uz) = Vo. Thus f(hy) €
Hy; NV = expg, (h2 N Uz). Consequently there exists xp € ha N Up such that
f(h1) = expg, x2. The latter equality implies that expg, x2 = f(expg, 21) =
expg, (L(f)z1). Since z2,L(f)z1 € Uz, we get x3 = L(f)x1, so that x; €
L(f)~'(h2) = b;. Consequently z; € by N Up, whence h; = expg, T1 €

expg, (h1 NU1), and we are done.
Algebraic subgroups

DEFINITION 4.9 Let A be a real or complex associative unital Banach
algebra, n a positive integer, and G a subgroup of A*. We say that G is an
algebraic subgroup of A* of degree < n if we have

G={acA*|(VpeP) pla,a”t) =0}

for a certain family P of continuous polynomials on A x A.

EXAMPLE 4.10 Let X be a real or complex Banach algebra and consider
the associative Banach algebra A := B(X) and the group G := Aut(X). Then
G is an algebraic subgroup of A* of degree < 2. Moreover, G is a Banach-Lie
group with the topology inherited from A, and the Lie algebra of G is Der(X).
(Compare Theorem 4.13 below.) In particular, note that for every ¢ € Der(X)
we have expd € Aut(X).

To prove one of the basic properties of the notion introduced in Defini-
tion 4.9 (see Theorem 4.13 below), we need the following two lemmas.

LEMMA 4.11 Let f: C — C be a holomorphic function satisfying the
following conditions:

(i) There exist A, B > 0 such that |f(2)| < Aexp(B|z|) for all z € C.

(ii) We have limsup(1/t)log|f(£it)| < .
t—o0

(iii) For each integer n > 0 we have f(n) = 0.

Then f =0 on C.

PROOF  See e.g., [Boa54]. I
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LEMMA 4.12 If A be a complex associative unital Banach algebra and
a € A then

1
limsup — log || exp(ta)|| = sup Rez
t—oo L z€o(a)

and

1
liminf = log || exp(ta)|| = inf Rez,
t——oo ¢ z€o(a)

where o(-) stands for the spectrum of an element in A.

PROOF  See e.g., [Va82]. I

Now we are able to prove the main result on algebraic subgroups of invertible
elements in an associative Banach algebra.

THEOREM 4.13 Let A be a complex associative unital Banach algebra
and n a positive integer. Assume that G is an algebraic subgroup of A* of
degree < n. Then G has a structure of Banach-Lie group whose underlying
topology is the topology inherited from A.

PROOF Denote

T
U= A CR+i(——,— }
{ae | o(a) CR+i( - n)
and x
_ X T
V—{aeA | (Vz € o(a)) \argz|<n}.
Then Proposition A.48 shows that

o0
exp: U — V, aHexpa:Z
j=0

it
is a complex analytic bijection with the inverse denoted by log: V — U.
Furthermore denote
g={a€cA|(VteR) exp(ta) € G}.

It is clear from Definition 4.9 that G is closed in A*, hence Corollary 3.7 shows
that g is a closed Lie subalgebra of A. Moreover, according to Corollary 3.7,
what we still have to prove is that the Lie group topology of G coincides with
the topology inherited from A*. To this end, in view of Proposition 4.4, it
suffices to prove that

expUNg)=VNG, (4.1)

The inclusion C is obvious. The converse inclusion is equivalent to

UNgDlog(VNG).
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We already know that log(V) = U, so that we still have to check that log(V N
G) C g. To this end, let g € VN G arbitrary.
Denote B = A x A and b = (z,—x) € B. Let p € P arbitrary. What we
have to prove is that
(Vt € R) p(exp(th)) = 0.

In fact, consider the holomorphic function

f:C—C, f(z) = p(exp(zb)).

Then for each integer k > 0 we have f(k) = p(exp(kb)) = p(g*¥,g~") = 0 since
g* € G. Moreover the function f clearly satisfies condition (i) in Lemma 4.11.

To check that condition (iii) of that lemma is satisfied as well, first use the
fact that p is a polynomial of degree < n to write p = pg +p1 + -+ + Dn,
where each p;: B — C is defined by p;(y) = ¢,(y, ...,y) for all y € B, where
P;: Bx---x B — Cis a certain j-linear continuous functional. Then for all
y € B we have

)] < Mol + 1ol - lyll + - -+ lnll - lyll™ < M - max{1, [y["},

whence log |p(y)| < log M + nmax{0,log ||y||}, where M > 0 is a constant.
Consequently

1 1
lim sup n log |p(exp(#itd))| < nlimsup n max{0, log || exp(£itd)| }
t—o0

t—o00
<n sup Imw <m,
weo(b)

where the last but one inequality follows by Lemma 4.12. Now Lemma 4.11
shows that f(z) =0 for all z € C, and we are done. I

Until the end of the proof of Theorem 4.18, we denote by 5 an associative
unital complex Banach algebra.

REMARK 4.14 Let B be an associative unital complex Banach algebra.
The set
Ug = {u € B* | |lul| = Ju~"|| =1}

is a closed subgroup of % hence it is a real Banach-Lie group with respect to
a Hausdorff topology 7 uniquely determined by the fact that the Lie algebra
of Uy is the closed real Lie subalgebra of Ug defined by

u(B)={beB|(VtcR) e’ecUy}

and the diagram
Uy — B>

eXpU;B T TEXP% X

u(®B) —— B
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is commutative, where the horizontal arrows stand for the inclusion maps.

In general, the topology 7 is stronger than the one inherited by Ug from
8. Nevertheless, if B is a C*-algebra, then Ug is an algebraic subgroup of
B> since

Ug={ue®B|uu=uu" =1},

hence Theorem 4.13 can be used to deduce that the topology 7 coincides with
the norm topology of Usy.

We always consider Ug endowed with the topology 7.

DEFINITION 4.15 An algebraic subgroup of U of degree < n is a sub-
group H of Uy such that

H={uecUsy|(VpeP) pluu')=0}

for some set P of vector-valued continuous polynomial functions on 2 x 2I.
That is, for every p € P there exist a real Banach space U, and a k-linear
map

Y (BXB)x---x(BxB) -7,
k pairs

(for k=0,1,...,n) such that p(b) = ¥ (b,...,b) + -+ +1(b) + 1o for every
be B x B (where g € Up).

REMARK 4.16 In the setting of Definition 4.15, an algebraic subgroup of
Ugy of degree < n is simply the intersection of Uy with an algebraic subgroup
of B>,

REMARK 4.17 Let n be a positive integer. It is obvious that every
algebraic subgroup H of Uy of degree < n is closed with respect to the norm
topology of Ug. Since the norm topology is coarser than the topology 7 of the
Banach-Lie group Uss (see Remark 4.14), it then follows that H is also a closed
subgroup of the Banach-Lie group %6*. Then Corollary 3.7 shows that H is in
turn a real Banach-Lie group with respect to a Hausdorff topology 75 which
is a priori stronger than the restriction of 7 to H. Actually, Theorem 4.18
below shows that 74 always coincides with the restriction of 7 to H.

THEOREM 4.18 If n is a positive integer, H is an algebraic subgroup of
Usg of degree < n, and
h:={becB|(VtcR) €®cH},

then b is a closed subalgebra of u(B), H is a real Banach-Lie group with the
topology inherited from the topology T of the Banach-Lie group Uy, and b is
the Lie algebra of H.
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PROOF Let H be an algebraic subgroup of % such that
H=HnNUg

(see Remark 4.16). If j: Uy — B stands for the inclusion map, then
H=j"'(H),

hence the desired conclusion follows by Theorem 4.13 and Proposition 4.8. I

Smooth quotient spaces

Here is the central result of the present section.

THEOREM 4.19 Let G be a Banach-Lie group, H a Banach-Lie subgroup
of G and w: G — G/H the natural projection. Endow G/H with the quotient
topology and consider the natural transitive action

aGXG/H_)G/H7 (g,k’H)HO(g(kH) :ng

Then G/H has a structure of real analytic manifold such that the following
conditions are satisfied:

(i) The mapping 7 is real analytic and has real analytic local cross sections
near every point of G/H.

(ii) For every g € G the mapping
ay: G/H - G/H

is real analytic.

NOTATION 4.20 We are going to keep the following notation until the
proof of Theorem 4.19 will be accomplished:

e L(G) =g, L(H) =h.
e For all g € G we define Ly: G — G by Ly(k) = gk for all k € G.

e We pick a closed subspace 9 of g such that g = 9 + b (see Defini-
tion 4.1).

e We define ¢: g — G/H by ¢ = 7o expg.

LEMMA 4.21 There exists an open neighborhood U of 0 € M such that
Y(U) is an open subset of G/H and the mapping

Y1 =Yl U —y(U)
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18 a homeomorphism.

PROOF The proof has several stages.

1° Let W be a basis of neighborhoods of 1 € G as in Remark 4.3. Since H
is a Banach-Lie subgroup of G it follows by Proposition 4.4 that there exist
W € W and an open neighborhood Uy of 0 € g such that expg v, : Ug — W
is a homeomorphism, expg(Uy,w) = HNW and Uyw C UgNh.

Now let U be an open neighborhood of 0 € 991 such that

UCUpmw and expg(—U)-expg(U) CW.

We are going to show that U has the desired properties.

2° At this stage we prove that |y is injective. In fact, let z,2’ € U
such that ¢ (z) = ¢ (2’). Then m(expgs z) = m(expg '), that is, expo(—2') -
expgr € HNW = expg(Up,w). Thus there exists y € Uy w such that
exXpg T = expg ' - expe y. In the notation of Remark 4.3, the latter equality
can be written @y (x,0) = Py (2/, y), hence x = 2’ (and y = 0). Consequently
Y|y is injective.

3° Now note that

P(U) = m(expg(U)) = m(expg(U) - expg(Up,w)) = m(Pw (U x Uy w))-

Since @y is a homeomorphism and 7: G — G/H is an open map, it then
follows that ¢(U) is open in G/H.
4° Define

a:9(U) = G, o =expgo¥|v)".

Then for every open subset D of G we have

o~ Y(D) = Ylu(expg' (D)) = ¥((expg lv)~H(D)) = (D),

which is open in G/H since 7 is an open map. Thus we see that o is contin-
uous. Moreover note that
oo = idy ).

Also note that the mapping 7|exp,(v): expg(U) — ¥(U) is bijective and
(7T|8XPG(U))_1 = o is continuous, hence both mappings o: (U) — expqs(U)
and Tlexp,, () : expg(U) — ¢(U) = m(expg(U)) are homeomorphisms.

On the other hand, the mapping expq |v: U — expg(U) is in turn a home-
omorphism, so that the commutative diagram

shows that 11 = ¢|y is a homeomorphism. I
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LEMMA 4.22 Let U C 9 and Y1 as in Lemma 4.21 and denote V :=
(U) C G/H. Assume that g € G has the property that V Nag(V) # 0. Then
the mapping

1/};1 0 Qg o "/Jl‘wfl(Vﬂag_l(V)) : w;l(V M Q-1 (V)) — w;l(V M ag(V))
s a real analytic mapping between two open subsets of the Banach space 901.

PROOF Let 0: V — G be as in the proof of Lemma 4.22. For all x €
V Nag-1(V) we have

m(Lg(a(2))) = ag(n(a(z))) = ay(z) (4.2)

since 7 0 o = idy. Now denote y = 17 ' (z), so that y € ;' (V Nay,-1(V)) C
Y7 (V) = U C M. Then equality (4.2) implies

ag(P(y)) = 7(Lg(a(¥(y)))) = 7(Ly(co(m(exps y))))-

Note that expsy € expa(U), hence o(m(expsy)) = expey. Consequently
the above equality leads to a4 (1 (y)) = m(Lg(expg y)), whence

(Vg€ (VNag1(V)) (1" 0agon)(y) =91 (m(Ly(expg y)))-

On the other hand, in the notation of Remark 4.3, note that we have a com-
mutative diagram

Pw luxuy w

U x Uh,W @W(U X UfLW)
pi Jﬂ
U wlU V

where W is the one used in the proof of Lemma 4.21, and ®w (U x Uy w) is
open in @y (Usm,w x Uy w) = W. Also note that both horizontal arrows in
the preceding diagram are bijections. Consequently,

U1t o Ty xyw) = P10 (Pwluxuyw) "t Pw (U x Upw) — U.
Additionally we note that for each y € ¥7 " (V N a,-1(V)) we have

(Tlexpg (@) ~H(V Nag-1(V))

expg y € (expg oty )(V Nay-1(V)) €
Cexpg(U) € @w (U x Uyw)

and similarly L,(expgy) € ®w (U x Up.w). Consequently for y € 17 (V N
ag-1(V)) we get

(%1 0 ag 0 v1)(y) = (pry o (Pw vy, w) ™" © Ly © expg)(y),
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whence the desired assertion follows at once (see Remark 4.3 and Theo-
rem 2.42).

PROOF (of Theorem 4.19)  The proof has several stages.
1° At this stage we construct a real analytic atlas on G/H. Let 91 =
Y|p: U — ¢(U) =V given by Lemma 4.21 and for all g € G define

Ye: U —ag(V), tg=o0a40¢1.

Then it is clear that
U wg(U) = G/H.

geG
On the other hand, if g1, g2 € G and 4, (U) Ny, (U) # 0, then the mapping

Vo O%a1ly=1 (0, )0y ) Ve War (U) Mg, (U)) = 95,1 (9, (U) N1y, (U))
satisfies
(V5 0165,)(@) = v (1 (g (B(@))) = (W 0y, 00 ()

for all z € ¢, ' (1hg, (U) N1y, (U)). Now Lemma 4.22 applied for g = g5
shows that the mapping z/Jng 0 g, |w;11(w91 (U)gy (U)) 18 real analytic. Conse-
quently {14}4ecc is a real analytic atlas on G/H.

2° At this stage we show that for go € G arbitrary the mapping ag,: G/H —
G/H is real analytic. To this end let z € G/H arbitrary. Then there exists
k € G such that © = kH. Then ¢: U — ax(V) is a chart about « € G/H,
Ygi: U — agip(V) is a chart about ay(z) = gkH € G/H, and ¢4, = a4 0 Yy,
so that the mapping 1/15,3 ooag oy =idy: U — U is real analytic.

3° At this stage we prove the assertion concerning the cross sections. To
this end, denote

0= eXpGO’l/JIIZ V- G.

We already know that o is a cross section of m on the neighborhood V' of
m(1) € G/H. This cross section is real analytic since it is a composition of
real analytic mappings.

Now take k € G arbitrary. Then the mapping

op = Lyoooag-1|a,w): (V) =G

is a real analytic cross section of 7 on the neighborhood oy (V') of w(k) € G/H.
This follows since the diagram

L
G _—k

| |
G/H - G/H

is commutative. D
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4.2 Symplectic homogeneous spaces

In this section we introduce symplectic manifolds and symplectic homoge-
neous spaces of various types. The most important result is a characterization
of symplectic homogeneous spaces in Lie algebraic terms (Theorem 4.30). We
then discuss two important examples: the orbit symplectic form (see Exam-
ple 4.31) and the natural symplectic structure of the projective space of a
Hilbert space (Example 4.32).

DEFINITION 4.23 Let 3 be a real Banach space. A weakly symplectic
manifold of type 3 is a pair (M,w) with the following properties:

(i) The symbol M stands for a Banach manifold.
(i) We have w € Q%(M,3) and w is weakly nondegenerate and closed.

If the 2-form w is actually strongly nondegenerate (see Definition A.71), then
we say that (M,w) is a strongly symplectic manifold.

DEFINITION 4.24 Let G be a Banach-Lie group, H a Banach-Lie sub-
group of G and M := G/H. Consider the natural transitive action

a:GxG/H —G/H, (g9,kH)vw— o4(kH) = gkH.

Also let 3 be a real Banach space and n > 1 an integer.

An invariant differential n-form of type 3 on M is a form ¢ € Q"(M,3)
satisfying (og)*(¢0) = 9 for all g € G. We denote by Q% (M, 3) the vector
space of all these invariant forms.

DEFINITION 4.25 Let 3 be a real Banach space and G a real Banach-Lie
group. A weakly symplectic homogeneous space of G of type 3 is a pair (M,w)
satisfying the following conditions.

(a) There exists a Banach-Lie subgroup H of G with M = G/H.
(b) The pair (M,w) is a weakly symplectic manifold.
(c) We have w € Q% (M, 3).

If moreover the 2-form w is strongly symplectic, then we say that (M, w) is a
strongly symplectic homogeneous space of G of type 3.

REMARK 4.26 In Definition 4.25, it follows by the invariance condi-
tion (c) that if the operator

Q- TmMHB(TmMﬁ)a ’U’_)wm(zv')
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is injective (respectively surjective) for some m € M, then it has this property
for all m € M.

DEFINITION 4.27 If g is a real Banach-Lie algebra, § is a closed sub-
algebra of g and 3 is a real Banach space, then Z2(g,3) stands for the space
of all continuous 3-valued 2-cocycles of g. That is, Z>2(g;3) is the set of all
bilinear skew-symmetric maps

n:gxg—3
such that
(Va,b,c € g) n(a, [b,c]) + n(b, [¢,a]) + n(c, [a,b]) = 0.
Then Z2(g;3) is a real Banach space under the norm defined by
lwll = sup{l[n(a,b)[l; | a,b € g and max{]lallg, [[bllg} <1}

for every n € Z2(g,3). Moreover we need the closed subspace of Z2(g,3)
defined by

Z2(g,0:3) ={n e Z2(g.3) | (Vaebh)(vbeg) nla,b) =0}
Clearly ZZ(g,{0};3) = Z2(8;3)-

DEFINITION 4.28 Let G be a Banach-Lie group, H a Banach-Lie sub-
group of G and 7: G — M := G/H the natural projection. Denote zq =
m(1) € M and consider the natural transitive action

a:GxG/H—G/H, (9,kH)w— ag4(kH) = gkH.

Also let 3 be a real Banach space and n > 1 an integer. Denote L(G) = g,
L(H) = b and let 9 be a closed subspace of g such that 9i+h = g. Now let U
be an open neighborhood of 0 € M such that ¢1 := Toexpg |v: U — ¢¥1(U)
is a local chart of M = G/H (see Lemma 4.21). Then the chart ¢, leads
as in Definition A.55 to an isomorphism of Banach spaces I ~ T, M. On
the other hand, we clearly have an isomorphism of Banach spaces 9 ~ g/b,
hence eventually
TpoM = g/b.

Now let n € Z2(g, b;3) arbitrary. Then in view of the aforementioned descrip-
tion of T, M we can define

Wi - TCCOMXTQCOM—>37 wwo(a+h7b+h) :n(aab)

Next for g € G arbitrary and z := ay(z9) € M we have T (ay-1): T,M —
T,,M so that we can define

we: TeM X T M — 3, wa(v,w) = wey (Ta(ag-1)v, Tp(ag-1)w).
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We thus get a differential 2-form w = {w;}.emr € Q4(M,3). We denote
w = X(n).

LEMMA 4.29 In the setting of Definition 4.28 the following assertions

hold:

(i) For every n € Z%(g,b;3) the 2-form X(n) is well defined and indeed
belongs to QZ%,(M,3).

(ii) The correspondence
51 Z2(9,:3) — QE(M,3)
is a linear bijection.
PROOF Letn € Z%(g,h;3). If 91,92 € G and ay, (z0) = ag,(z0) =2 € M

then ozg;1g2(x0) = xo, hence h := gl_lgg € H. Consequently ap = idyy,
whence T'(ayp) = idrpr. Thus for all v,w € T, M we have

Wz (T (O‘gfl v, Ty (O‘gfl Jw) = Wag ( (Two (an)Ty (O‘g;1 ))U’ (Txo (an)Ty (Oéggl ))w)
= W, (Tm(agz—l)v, Tm(aggl)w),

and it follows that the value wy, (T (ag-1)v, Ty (ay-1)w) is independent on the

choice of g € G with ay4(x¢) = z. The axiom (ii) in Definition A.71 is clearly

satisfied and thus w = X(n) € Q(M,3). Moreover it clearly follows by the

construction of w that it satisfies the invariance property (ay)*(w) = w for all

g € G. Consequently w € Qg (M, 3).

That the map ¥ is linear is obvious. To see that it is bijective we denote
by II: g — g/b ~ T,,, M the natural projection and define

A: QF(M,3) = Z2(g,9:3),  Aw) = wg, o (I x IT),
that is, A(w)(a,b) = wy,(I(a),1I(b)) whenever a,b € g and w € Q% (M, 3).

Now it is easy to see that A is an inverse for the map X, and we are done.

THEOREM 4.30 Let G be a Banach-Lie group and H a Banach-Lie
subgroup of G, and denote L(G) = g and L(H) = h. Also let 3 be a real
Banach space and M = G/H. Then the map

S: ZZ(g,h:3) — Q&(M, 3)
has the following properties:

(i) For every n € Z2(g,h;3) the differential form X(n) is closed.
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(i) Ifn € Z2(g,b;3) satisfies
h={acg|(Vbcg) nla,b)=0}

and we denote w = 3(n), then (M,w) is a weakly symplectic homoge-
neous space of G of type 3.

PROOF  Assertion (ii) clearly follows from assertion (i) along with Re-
mark 4.26.
The proof of assertion (i) has several stages. Denote

w=3(n) € QH(M,3).

1° At this stage we assume that H = {1}, hence M = G, and denote by
w € Q%(G,3) the corresponding form, which will turn out to be closed. Let
go € G arbitrary and v, v, vs € Ty G. According to Definition A.74, we have
to prove that (dw)g, (v1,v2,v3) = 0.

To this end, denote z; = T, (agal)(?}j) € T'G = g and then w; =
t(v;) € VYG) for j = 1,2,3, where we use the isomorphism of Lie alge-
bras ¢: g — V!(G) from Lemma 2.17 (see also the proof of Theorem 2.12). By
Proposition A.73 we have

(dw) (w1, wa, w3) = O(wi, ..., Wi, ..., ws3))

'Mw

=1
+ Z (—1)’+7c~u([wi,wj],w1,...,@\i,...,@,...,wg),
1<i<j<3
(4.3)
where Dy, : C*(G,3) — C*>(G,3) are the linear operators introduced in Def-
inition A.64.
Note that since @ € Q4(G,3) and wy, w2, ws € VY(G), that is, © and all of
the vector fields w1y, wo, w3 are invariant with respect to the left translations
on G, it follows that the three functions

w(wr, ws), w(wi,ws),w(ws, w3): G — 3

are constant, hence D, (0(w1,w2)) = Dy, (@0(w1,w3)) = Dy, (@(w2,w3)) =
0. Consequently the first sum in the right-hand side of (4.3) vanishes. Thus
using the fact that @ is a family of skew-symmetric bilinear functionals we get

(dw) (w1, we, w3) = —0([w1, wa], w3) — @([w2, ws], w1) — &([ws, w1], wa).

Evaluating this equality at 1 € G and using the fact that V/(G) — g, w —
w(1), is a Lie algebra homomorphism, we get

(d@)1 (w1 (1), we(1),w3(1)) =0, (4.4)
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since @1 = 1 € Z2(g;3). Now recall that w;(1) = z; = Tgo(()égo—l)('l}j) for
j =1,2,3. Then equation (4.4) implies that

0= ((ago—1>*(daj))go(’l]1,’l}2,’U3)
= (d((aggl)*@)))go (v1,v2,v3) (by Proposition A.73)

= (dw)g, (v1,v2,v3) (since @ is invariant)

and the proof is complete in the case H = {1}.

2° Now we treat the general case. Define @ € Q%(G,3) as in the case 1°.
Then it is easy to see that @ = 7*(w), whence by Proposition A.73 we get
7™ (dw) = dn*(w) = dw = 0.

On the other hand, since Tym: TG — Ty, M is surjective for all g € G, it
is easy to see that for all n > 1 and 7 € Q" (M, 3) we have 7 = 0 if and only
if 7*(7) = 0. In particular, since 7*(dw) = 0, we get dw = 0, and the proouf
ends.

EXAMPLE 4.31 Let G be a Banach-Lie group with L(G) = g, and ¢ € g#
such that

Ge={g€G|{oAda(g) =&}
is a Banach-Lie subgroup of G. Then it is easy to see that

L(Ge) ={zegl(Wyeg) &(zy])=0}
and the correspondence g — £ o Adg(g) defines a bijection
G/Ge ~ O¢ :== {0 Adg(g) | g € G}.

Since G¢ is a Banach-Lie subgroup of G, it follows by Theorem 4.19 that the
coadjoint orbit O¢ of £ is a smooth homogeneous space of G. Now define

n:gxg—R, nlx,y) =<z, y]).

Then n € Z2(g,L(G¢);R), so that Theorem 4.30 shows that w := X(n) €
0%(0¢,R) and (O¢,w) is a weakly symplectic homogeneous space of G of
type R. The 2-form w constructed above is known as the orbit symplectic
form on the coadjoint orbit O¢ of ¢ € g#.

EXAMPLE 4.32 We now show that the construction described in The-
orem 4.30 leads to a structure of strongly symplectic homogeneous space on
the projective space of a complex Hilbert space. More precisely, we are going
to show that the set of one-dimensional subspaces Py = {Cz |0 # 2 € H} in
a complex Hilbert space H, which is called the projective space of H, carries a
natural structure of strongly symplectic homogeneous space of the Banach-Lie
group of all unitary operators on H.
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To this end, denote the scalar product of H by (- | -) and fix xg € H with
||zo|| = 1. Next consider the Banach-Lie group of all unitary operators on H,

G={ueBH)|uw* =u"u=1}
with L(G) = g = {a € B(H) | a* = —a}, and its subgroup
H={ueG|uxy€Cxo}={uecG]|up=pup},

where p = (- | zg)zo € B(H) is the orthogonal projection onto the subspace
Cxo of H. It is easy to see that H is an algebraic subgroup of G in the sense
of Definition 4.15, hence Theorem 4.18 shows that H is a Banach-Lie group
with the topology inherited from G and with

LH)=h={a€eB(H)|a=—a" and azxg € iRzo} = {a € g | ap = pa}.
Then the bounded linear mapping
E:g—g, a— E(a)=(1-pla(l-p)

satisfies E2 = F and Ran E = b, hence L(G) = 9+ L(H), where M = Ker E.
Consequently H is a Banach-Lie subgroup of G, and clearly the mapping

G — Py, u— u(Cayp),

defines a bijection
G/H ~ ]PH.

Now Theorem 4.19 shows that Py gets a structure of Banach manifold.
To define the symplectic structure on Py, consider the skew-symmetric bi-
linear form
n:gxg—R, nlar,az2) =1iTr (plas, az]).
It is easy to check that actually n € Z2(g,h;R). Since the elements of g
are skew symmetric, it follows that for all a1,as € g we have the equality
n(ar,a2) = —i-Tr ((- | [a1,a2)zo)x0) = i([a1, az]zo | o), whence

n(a1,a2) = 2Im (a1xg | asxo). (4.5)

We clearly have {a € g | (Vb € g) n(a,b) =0} = {a € g | axg € iRxp} =
h. Consequently Theorem 4.30 shows that (Py,w) is a weakly symplectic
homogeneous space of G of type R, where w = X(n) € Q%(G/H,R). To
see that (Py,w) is actually strongly symplectic, note that the kernel of the
mapping

g— Ran(1—p), a+— (1—paxg

equals h, whence we get the isomorphisms of real Banach spaces

Tpo(Py) ~g/h~Ran(1—p), a+bh— (1—paxp.
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It follows by (4.5) that the bilinear functional wy,: Ty, (Py) X Ty (Pr) — R
is taken by the above isomorphisms into the bilinear functional

wo: Ran (1 —p) x Ran (1 —p) = R, (z1,22) — Im (21 | z2),

and it is well known that 2 — wo(x | -) is an isomorphism of real Banach
spaces from Ran (1 — p) onto the topological dual of the real Hilbert space
Ran (1 — p). Consequently v — wy,(v | -) is an isomorphism of real Banach
spaces from T, (Py) onto its own topological dual. Now the conclusion that
w is strongly nondegenerate follows by Remark 4.26.

4.3 Some homogeneous spaces related to operator
algebras

This section includes several examples of smooth homogeneous spaces that
show up in connection with various problems in the theory of operator al-
gebras. For most of the theorems stated below we sketch only the proofs,
or we omit the proofs entirely and refer the reader to the literature. The
reason we include here a list of examples of homogeneous spaces is twofold:
firstly, these examples illustrate the main results of this chapter. Secondly,
we hope to give the reader an idea of the wide range of possible applications
of differential geometry techniques in the theory of operator algebras.

Unitary orbits of self-adjoint operators

THEOREM 4.33 Let H be a complex separable Hilbert space, M = B(H),
and a =a* € M. Let

G=Uy={ueM|uuv=u" =1}
be the Banach-Lie group of all unitary elements of M, with the Lie algebra
g=uy ={beM|b"=-b}.

Nezxt let
H ={uec Uy | ua=au}

be the group of unitary elements in M that commute with a. Then H is a
Banach-Lie subgroup of G and the mapping u — uau™ induces a bijection

G/H ~ O, :={uau* |u € Uy}

of the smooth homogeneous space G/H onto the unitary orbit O, of the self-
adjoint operator a.
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PROOF It is not hard to see that H is an algebraic subgroup of G, and
h=L(H)={b€cuy|ba=ab}.

On the other hand, let A be the von Neumann algebra of operators on H
generated by 1 = idy and a. Since A is commutative, it follows that it is an
injective von Neumann algebra (see e.g., Proposition 6.5 in [ConT76]), hence
Proposition 3.2(iii) in Chapter XV of [Ta03] shows that the commutant

A ={be M| (Vce A) bc=cb}

is an injective von Neumann algebra as well. Consequently there exists a
conditional expectation E: M — A’. That is, E is a bounded linear oper-
ator satisfying E? = E, |E|| = 1 and E(b*) = E(b)* for all b € M. Then
E|y,, : upr — upr NA = b is a bounded linear idempotent mapping of g onto
b, hence g = MM + b, where M = Ker (E|,,,).

Consequently H is a Banach-Lie subgroup of G, and Theorem 4.19 applies.
The other assertions are obvious.

THEOREM 4.34  In the setting of Theorem 4.33, the following assertions
are equivalent:

(i) The quotient topology of G/H ~ O, coincides with the topology which
O, inherits from M.

(ii) The unitary orbit O, is closed in M.
(iii) The unital C*-subalgebra of M generated by a is finite dimensional.
(iv) There exist operators b and c on certain finite dimensional Hilbert spaces

such that T is unitarily equivalent to the Hilbert space operator defined
by the infinite block-diagonal matriz

PROOF  See Theorem 1.1 in [DF79], Theorem 4.1 in [AFHV84], and The-
orems 1.1 and 1.3 in [AS91]. See also Theorem 3.1 in [BR04] I
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Unitary orbits in preduals of W*-algebras

THEOREM 4.35 Let M be a W*-algebra and ¢ € M, a functional in the
predual of M such that p(a*) = p(a) for all a € M. Denote

G=Uy={ueM|vvu=uu" =1}

and
H={ueUy|NMae M) o au)=yv(a)}.

Also for allu € Uy define p,: M — C by pyu(a) = p(u*au) whenever a € M.
Then H is a Banach-Lie subgroup of the Banach-Lie group G and the mapping
U — @, tnduces a natural bijection

G/H ~ Oy :={p, | ue Uy}

of the smooth homogeneous space G/H onto the unitary orbit O, of ¢.
PROOF  See Proposition 2.8 and Corollary 2.9 in [BR04]. I

REMARK 4.36 In the setting of Theorem 4.35, one can make use of the
construction of Example 4.31 to make the unitary orbit O, into a weakly
symplectic homogeneous space of G of type R. See [BR04] for details.

THEOREM 4.37 Let 'H be a complex separable Hilbert space and M =
B(H). Pick a =a* € C1(H) = M. and denote

G=Uy and H={ueG|u"au=a}.
Then the following assertions are equivalent.

(i) The quotient topology of G/H ~ O, coincides with the topology which
O, inherits from M,.

(ii) The unitary orbit O, is closed in M,.

(iii) The operator a has finite rank.
PROOF  Some references for this fact are [DF79], [Bon04], and [BR04]. []

Unitary orbits of spectral measures

THEOREM 4.38 Let 'H be a complex separable Hilbert space and M =
B(H). Also let T be a o-algebra of subsets of a certain set, and E: T — B(H)
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a spectral measure whose values are self-adjoint projections on H. Denote
G=Uy={ueM|vvu=uu" =1}
and
H={uecUy | (VT eT) uE(T)=E(T)u}.

Then H is a Banach-Lie subgroup of G and the mapping u — uwE(-)u* induces
a bijection
G/H ~Ug = {uE(-)u* |u € Uy}

of the smooth homogeneous space G/H onto the unitary orbit O of the spec-
tral measure E.

PROOF  See [ARS93]. I

Unitary orbits of conditional expectations

THEOREM 4.39 Let M be a W*-algebra and E: M — M a faithful
normal conditional expectation. Denote

G=Uy={ueM|uuv=uu'=1}
and
H={ueUy|Mae M) E(u'au)=u"E(a)u}.

Also for all uw € Uy define Ey: M — M by Ey(a) = uE(u*au)u* for all
a € M. Then H is a Banach-Lie subgroup of G and the mapping u — E,

induces a bijection
G/H ~0Op:={E, |ue Uy}

of the smooth homogeneous space G/H onto the unitary orbit Og of the con-
ditional expectation E.

PROOF  See [ArSO1]. I

REMARK 4.40 In the setting of Theorem 4.39, if Ran E = C1, then
F is actually a faithful normal state of M and we thus get a special case of
Theorem 4.35.

Unitary orbits of group representations

THEOREM 4.41 Let 'H be a complex separable Hilbert space and M =
B(H). Moreover let p: K — Ups be a norm-continuous unitary representation
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of the compact group K on H. Denote G = Uy; and
H={ueUy|(VkeK) up(k)=p(k)u}.

Then H is a Banach-Lie subgroup of G and the mapping u — up(-)u* induces
a bijection

G/H ~ O, :=={up(-)u" | u e Uy}
of the smooth homogeneous space G/H onto the unitary orbit O, of the rep-
resentation p.

PROOF  Sce [Mr90] and [CG99], and also [BP05]. I

Unitary orbits of algebra representations

THEOREM 4.42  Assume that ‘H is a complex separable Hilbert space
and p: M — B(H) is a normal x-representation of an injective W*-algebra
M. Denote

G =Ugmn) ={uc BH)|vv=uu" =1}

and
H = {u€ Usy | (Vo€ M) up(a) = pla)ul}.

Then H is a Banach-Lie subgroup of G and the mapping u — up(-)u* induces
a bijection
G/H ~ O, = {up(-)u™ | u € Up}

of the smooth homogeneous space G/H onto the unitary orbit O, of the rep-
resentation p.

PROOF  See [ACS95a]. I

Notes

We refer to [Up85] for more details on Banach-Lie subgroups. A very impor-
tant early reference for homogeneous Banach manifolds is the paper [Rae77].

The proof of Proposition 4.4 follows the lines of the proof of Lemma 2.5
in Chapter II in [Hel62]. The proof of Proposition 4.5 uses the method of
proof of Proposition 2.1 in [Ho65]. For another proof of Proposition 4.8 see
Lemma IV.11 in [Ne04] or Lemma II.1 in [GNO3]. Theorem 4.13 is the main
result of the paper [HK77]. The method of proof of Theorem 4.19 follows

Copyright © 2006 Taylor & Francis Group, LLC



Smooth Homogeneous Spaces 103

the proof of the corresponding result for finite-dimensional Lie groups from
[Hel62]. Our Remark 4.14 is inspired by Corollary 15.22 in [Up85].

The symplectic manifolds of type 3 with 3 = R are the usual symplec-
tic manifolds that play a central role in many areas of differential geometry
that claim their origins from mechanics; see e.g., [OR04]. See also [CM74]
for a discussion of weakly symplectic manifolds. Symplectic vector spaces
with vector-valued symplectic form (“of type 3,” in the terminology of Defi-
nition 4.25) proved to be useful e.g., in the index problems in [Ni97], 3 being
there the topological dual of a Clifford algebra.

The orbit symplectic form described in our Example 4.31 plays a central
role in many problems of representation theory and differential geometry. See
e.g., Section 7 in [ORO03] for a discussion of that construction in the setting
of Banach-Lie groups. Some of the classical references are [Lie1890], [Ki76],
[Ko70], [So66], and [So67]. A slightly different approach to Example 4.32 can
be found in Remark 2.11 in [BRO4].

There exist numerous papers devoted to the differential geometry of various
homogeneous spaces associated with operator algebras. See the reference list
at the end of the book. In the present chapter we have included only a
few examples of such homogeneous spaces, without going the details of their
differential geometry.

We have to mention also the interesting theory of symmetric Banach man-
ifolds, which extends the classical theory of symmetric spaces exposed e.g., in
[Hel62]. We do not discuss the symmetric Banach manifolds in the present
book since there already exists the excellent monograph [Up85] treating this
topic.
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Chapter 5

Quasimultiplicative Maps

Abstract. This chapter has a technical character, including sev-
eral tools with a distribution theoretic flavor. Quasimultiplicative
maps are Banach-algebra-valued distributions with compact sup-
port on a finite-dimensional real vector space, which satisfy a weak
multiplicativity condition. The first part of the chapter concerns
some basic properties of the convolution of two distributions. We
then prove the central result of this chapter: a theorem on sepa-
rate parts of the support of a quasimultiplicative operator-valued
distribution. Subsequently we collect some useful facts on inter-
twining properties of certain spectral subspaces associated with
quasimultiplicative maps. The chapter concludes by an exposition
of some basic examples of quasimultiplicative maps, namely the
Weyl functional calculus of hermitian maps and the Borel func-
tional calculus of Borel measures. During that exposition we see
that the support of a quasimultiplicative map should be thought
of as a sort of spectrum (more precisely a joint spectrum).

Throughout the present chapter, 3 denotes a finite-dimensional real vec-
tor space, C*(3) stands for the Fréchet space of all complex-valued smooth
functions on 3, and C§°(3) is the set of all functions in C*°(3) having compact
support.

5.1 Supports, convolution, and quasimultiplicativity

The goal of this section is to introduce the notion of quasimultiplicative
map (Definition 5.9). We use the convolution of distributions to investigate
the relationship between quasimultiplicative maps and derivations of Banach
algebras (see e.g., Corollary 5.11).

LEMMA 5.1 The linear subspace spanned by the set {7 | v € 37} C
C>(3) is dense in C*(3). Moreover

C™()RC™(3) ~C™(3 ®3)

105
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as Fréchet spaces and the comultiplication map

A:C™(3) = C=(3)RCT(3) =C*(3©3),
(VfeC®(3)) (V21,22 €3)  (Af)(21,22) = f(21 + 22)

has the property

(Vyes®) Al =eT®e? (€C¥(3) @C%()).

PROOF  All of these facts are well known in distribution theory. In view
of the Hahn-Banach theorem, the first assertion follows by the fact that the
Fourier transform is injective on the space of distributions with compact sup-
port (see e.g., in [Tr67], Proposition 29.1, Theorem 25.6 and Example 1 pre-
ceding Theorem 25.5).

For the assertion concerning the topological tensor product, see e.g., equal-
ity (51.4) in Theorem 51.6 in [Tr67].

Finally, the asserted property of the comultiplication map is obvious. I

REMARK 5.2 For a complex Banach space 8, we consider the vector
space of “B-valued distributions with compact support” (see Lemma 5.7(a)
below)

E'(3,B) :={V:C>*(3) — B | ¥ linear and continuous},

usually endowed with the topology of uniform convergence on the bounded
subsets of C>(3). Then, denoting by & the projective tensor product, for-
mula (50.18) in [Tr67] shows that

&' (3.8) ~ £'(3,C)&B,

because C*(3) is a nuclear space by the Corollary to Theorem 51.5 in [Tr67).
Now, by using formula (5.18) in [Tr67], we get the following isomorphisms of
topological vector spaces:

£'(5,B)@E (3, B) = (£'(5,C)8B)B(£'(5,C)@B)
®E'( ®

hence we have a natural (jointly) continuous bilinear map

5/(&%) X 8/(37%) Hgl(é@é’%@@%)y (\1117‘1/2) = \I/1®\I]27
satisfying (V1 ® W2)(f1 ® f2) = ¥i(f1) ® Va(f2) whenever ¥; € &'(3;,B),
3 €C>=(35), 7 =1,2. (See also Corollary 2 after Lemma 41.1 in [Tr67].)
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DEFINITION 5.3 Let B be a complex Banach algebra, and denote by
m: BEB — B

the map induced by the multiplication of B. If A: C*®(3) — C®(3 @ 3) is
as in Lemma 5.1, then for all Uy, Uy € £(3,%8) we define their convolution
Uy Wy € E(3,B) by U1 Uy =mo (¥ ® Uy)o A

REMARK 5.4 It easily follows by Remark 5.2 that, in the framework of
Definition 5.3, the map

g/(év%) X 5/(& %) - 8/(57 %)7 (\Illv \112) — \Ill * \I’Q

is bilinear and jointly continuous.

DEFINITION 5.5 If B is a complex Banach space and ¥ € £'(3,B),
then the support of ¥, denoted supp V, is the intersection of all closed subsets
K of 3 such that ¥(f) = 0 whenever f vanishes on 3\ K.

If moreover B = B(2)) for some complex Banach space ), then for all y € 9
we have ¥(-)y € £'(3,9) and thus for each closed subset F of 3 it makes sense
to define

Yu(F) ={y € |supp¥(-)y C F}.

This is a closed linear subspace of ) as a consequence of Lemma 5.7(b) below.

REMARK 5.6 If % is a complex Banach space, then £'(3, ) has a nat-
ural structure of C*°(3)-module, in the sense that there exists a separately
continuous bilinear map

C*(3) xE'(3,8) = £'(3,B), (9,9) — g7,

where, for ¥ € £'(3,B) and f,g € C*°(3) we define (¢¥)(f) = U(gf).

We also note that, if g € C*°(3) and g = 1 on some open neighborhood of
sup ¥, then g¥ = ¥. Also, if ¢ = 0 on some open neighborhood of supp ¥,
then g¥ = 0.

LEMMA 5.7 Let B be a complex Banach space.

(a) If U € &£'(3,B), then supp ¥ is a compact subset of 3. Moreover, we
have supp ¥ = 0 if and only if ¥ = 0.

(b) If F is a closed subset of 3, then
{we& ;%) |supp¥ C F}

is a closed linear subspace of £'(3,B).
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(c) If B is moreover a complex Banach algebra, then
supp (V1 ® Ws) = (supp ¥1) x (supp¥a) (C5@3)
and
supp (¥ * ¥s) C supp ¥y + supp ¥o
for all Uy, Ty € E'(3,B).

PROOF  The assertions in (a) can be proved just as in the case when
B = C (see e.g., Theorem 2.3.1 and Theorem 2.2.1 in [Ho90]).

To prove (b), one only has to use the fact that £'(3,B) is endowed with the
topology of uniform convergence on the bounded subsets of C*(3).

To prove (c), first note that the Hahn-Banach theorem implies that for
every subset B of B# generating a w*-dense linear subspace we have

Ker ¥ = (] Ker (Ao ¥),
AeB

whence

supp U = U supp (Ao U). (5.1)
AEB

Furthermore, for all A1, Ao € B# we have
(A1o¥)® (A20 W) = (A1 ® A2) o (¥ ® ¥y),
hence
supp ((A1 @ Ag) o (W1 @ W3)) = supp (A o Wy) X supp (A2 0 ¥y)
by formula (5.1.3) in [Ho90]. Consequently, by (5.1) we have

U supp (M ® A2) o (I @ 1))
A1, 2 EB#

= ( U supp (M 0‘1/1)) X ( L supp (X2 o\Ifz))
)\16%# /\QE%#
= supp V1 x sup ¥s.

But

U swp (M @ X9) 0 (W1 ® Up)) = supp (U1 @ T5)
Al,kze%#

as a consequence of

(5.1) and of the fact that B# @ B# is a w*-dense linear
subspace of (BRB)#.
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The last assertion of (c) follows by the previous one in a standard way:
defining S: 3® 3 — 3, (21, 22) — 21 + 22, we have

(VU e&(333,%8)) supp(¥oA)=S(supp ¥).

Thus
supp (W1 * ¥3) = supp (mo (¥1 ® ¥3) 0o A)
C supp ((¥1 ® Uz) 0 A)
= S(supp (¥1 ® ¥s))
= S(supp ¥; x supp Us)
= supp W1 + supp ¥y,
and the proof ends. I

PROPOSITION 5.8 Let® be a complex Banach algebra and assume that
U e &'(3,B()) satisfies

(Vye3”)  U(e) € Hom(2,2A).
Then
U(Jar * ¥(Jag = V() (araz) (€ E'(3,9))
for all ay,as € 2.

PROOF  According to Lemma 5.1, it suffices to check that the sides of the
desired relation take equal values on each function of the form e (€ C*(3))
with v € 3#. By Definition 5.3 we get

(W (Jay + W (Jaz)(e) = (m o (¥()ay @ U(Jaz) o A)(e)
= (mo (¥()a; @ ¥(-)az))(e @)
=m(¥(e")a; ® ¥(e)as)
= (¥(e7)ar) - (L(e)az)
= U(e")(araz),
where the second equality follows by Lemma 5.1, while the last equality follows

by the hypothesis. The proof is finished.

The following definition helps us to describe situations where Proposi-
tion 5.8 applies. (See Corollary 5.10 below.)

DEFINITION 5.9 Assume that 8 is a complex Banach algebra, and
U € £'(3,8). We say that W is quasimultiplicative if for every v € 3 the map

C*(R) =B, g~ Y(gon)
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is an algebra homomorphism (i.e., it is multiplicative).

COROLLARY 5.10 Let 2 be a compler Banach algebra and assume that
U € &'(3,B()) is quasimultiplicative and satisfies ¥(37) C Der(A). Then for
all ay,as € A we have

\IJ('>CL1 * \II(')QQ = \II(-)(alaz).

PROOF Let v € 3#. The fact that the map
C*(R) — B®), g— ¥(gon)

is a homomorphism of topological algebras implies that W(el7) = e Since
V() € Der(2l) (see Example 4.10), it follows that ¥(el?) € Aut(A), and then
Proposition 5.8 applies. I

COROLLARY 5.11 If is a complex Banach algebra and ¥ € E'(3, B(A))
is quasimultiplicative with ¥ (37%) C Der(2A), then the following assertions hold.

(a) For all a1,as € A we have
supp ¥ (+)(a1a2) C supp ¥(-)a; + supp ¥(+)as.
(b) If S is a (closed) subsemigroup of (3,+), then
Ag(S) ={ae U |supp¥(-)a C S}
is a (closed) subalgebra of 2.

PROOF  The assertion (a) follows by Corollary 5.10 and the second asser-
tion of Lemma 5.7(c). Then the assertion (b) easily follows by the already
proved assertion (a) and Lemma 5.7(b).

5.2 Separate parts of supports

In this section we prove that each separate part (that is, union of some
connected components) of the support of a quasimultiplicative map ¥ €
E'(3,B(2A)) is naturally associated with an idempotent operator P € B(2)
(see Theorem 5.14 for details).

LEMMA 5.12 Let A be a complex Banach space and ¥ € &'(3,B(2A))

quasimultiplicative. Denote

U(1) =T (cB®))
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and define
Té€&'(3,B)), [~ fO)T.

Next define for everyt € R
H':C®(3) = C*(3), (VfeC™(3)(Vaes) (H'f)(2)= f(tz),
and
Ul:=WoH' (€&'(3BR)).
Then
(Vt,s € R) Ul Ps = gits
and limy_o ' =T§ in &'(3,B(2A)).

PROOF The proof of the assertion concerning the limit is straightforward,
and we omit it.

To prove the other assertion, fix t,s € R. By Lemma 5.1, it suffices to
compare the values the sides of the desired equality take on e for v € 3%.
By Definition 5.3 and then by Lemma 5.1 we get

(U* % 0°)(e7) = (mo (¥ ® )0 )( )

— (mo (V' & U))(" @ )

= \I!t(ew) . \I/s(e )

_ \P(eitv) . \I/(eis'y)

— \I,(ei(t+8)'v)

— \I’H_s (ei'y)’
where the last but one equality follows since ¥ is quasimultiplicative. The
proof is finished. I

LEMMA 5.13 Let B be a complex Banach space and Vo, Wy,Uy, Uy €
E'(3,8B) such that o+ ¥y = Uy + Uy and (supp ¥ U supp Up) N (supp ¥ U
suppU;) = 0. Then ¥y = Uy and ¥, = Uy.

PROOF  Clearly supp (£(¥;—U;)) € supp ¥;Usupp U; for j = 0,1. Hence
for ¥ := Wy — Uy = —(¥; — U;y) we have

supp ¥ C (supp ¥o Usupp Up) N (supp ¥1 Usupp Uy) = 0)

according to the hypothesis. Then Lemma 5.7(a) implies that ¥ = 0, whence
Uy = Uy and ¥y = U;. I

We now come to one of the main results of the present chapter.
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THEOREM 5.14  Let A be a complex Banach space, ¥ € &'(3,B(A))
quastmultiplicative with

N Ker¥(f)= {0},

FEC>=(3)

and Fy, Fy closed subsets of 3 such that
suppV¥ = Fy U Fy and Fy N Fy = 0.

Pick g € C*(3) such that g = 1 on some neighborhood of Fy and g = 0 on
some neighborhood of Fy and denote

P:=3(g) (€B&)).
Then the following assertions hold.

(i) The operator P is idempotent, i.e.,

pPl=p

(ii) For all f € C™(3) we have

(ii) If Wo, U, € E'(3, B(A)) are defined by ¥ = g¥, Uy = (1 — g)W, then
supp¥; = F; for j=0,1
and for all f € C*(3) we have
Uo(f) =¥(f) and Wi(f) = (ida — P)¥(f).
(iv) We have
Ran P = Ay (Fy) and  Ran (idy — P) = Ay (F).

PROOF Obviously ¥ = ¥y + ¥y, hence Lemma 5.12 implies that
(Vt > 0) Ut = Ul + Ut
and then
(Vt,s >0)  WHHs + Wits (= Uits) = Wl o« U 4 ) % 05, (5.2)

Next, for j = 0,1, we easily get that sup¥V; = F; (compare Remark 5.6),
whence

sup \I/;+S C(t+s)F; and supp (¥}« ¥®) C tF; 4 sF. (5.3)
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(The latter inclusion follows by the second assertion of Lemma 5.7(c).)
If t > 0 is fixed for the moment then for s > 0 small enough, we have

(t+s)F;N(tF_; +sF)=0 for j=0,1.

Hence (5.2), (5.3), and Lemma 5.13 imply that for fixed ¢ and s small enough,
we have \I/§-+s = V; % U for j = 0,1. By iterating the latter equality for s
small enough, we get by Lemma 7.12 that

(Vt,s > 0) U =W %0 for j=0,1.

Since P = ¥(g) = ¥o(1), we then deduce by Lemma 5.12 and Remark 5.4
first that
(Vt > 0) Ui =0lxPs for j=0,1,

and then that
P§ = P * P9,

where

Ps €& (3,BR), [~ f(O)P.

Now, evaluating both sides of the equality Pd = PJ * P6 on the constant
function 1 € C*(3), we easily get P = P2

Next, relation (5.3) implies for j =0, s = 1, and ¢ — 0 that Uy = P * U,
hence for f € C*°(3) we have by Definition 5.3 that

Vo(f) = (Po+W)(f) = (mo (P6@ W) o A)(f) = P-U(f).

Since ¥y + ¥y = ¥, it also follows that Wy (f) = (idg — P)U(f).

We can similarly prove that ¥o(f) = U(f) - P, hence the desired assertion
(ii) follows.

It only remains to prove the assertion (iv). Let a € Ran P. Then a = Pa,
hence

supp ¥(-)a = supp ¥(-) Pa = supp ¥y (-)a C supp Vo = Fp,

hence a € g (Fy) (see Definition 5.5). Conversely, let a € Ay (Fp), that
is, supp ¥U(-)a C Fy. We have already seen that Ran P C 2y (Fp), hence
supp ¥(-)Pa C Fy. Then

sup U(-)(idg— P)a = supp (¥(-)a—¥(-)Pa) C supp ¥(-)aUsupp ¥(-)Pa C Fy.

But we have as above Ran (idg — P) C 2g (F}), whence supp ¥(-)(idgy — P)a C
Fi. Thus
sup U (-)(idg — P)a C Fy N Fy = 0,

and then Lemma 5.7(a) implies that U(-)(idg — P)a = 0. Now the hypothesis

N Ker¥(f) = {0}
)

fec=>=(;
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shows that (idyg — P)a = 0, whence a € Ran P, and the proof is finished. I

COROLLARY 5.15 Let A be a complex Banach algebra and assume that
U e &'(3,B(A)) satisfies
U(5%) C Der(2)

and

(| Ker®(f)=/{0}.

fec=()
Also assume that there exists a closed subsemigroup S of (3,+) such that
SN(=S) =10 and
supp¥ C (=S)u{0}US.
Then A has the following decomposition into a direct sum of closed subalgebras

A=Ay (=9) + Aw({0}) + Au(S),

and Ay ({0}) - Wy (£5) + Ay (£5) - Ay ({0}) C Ay (£5).
PROOF  Use Theorem 5.14 and Corollary 5.11(b). I

Some intertwining properties of quasimultiplicative maps

In the following we collect several intertwining properties of quasimultiplica-
tive maps, which will prove to be very useful later on. It will be convenient
to use the following remark.

REMARK 5.16 Denote by P(3) the algebra of complex-valued polynomial
functions on 3. In other words, P(3) is the complex subalgebra of C*(3)
generated by 3# U {1}. Then for every p € P(3) we have

p=tn(yW)N + -ty +to

for certain N € Z, tg,...,txy € C and vy,..., YN € 37.

PROPOSITION 5.17 Let A be a complex Banach space and assume that
U e &'(3,B(R)) is quasimultiplicative. Also assume that g is a closed sub-
space of A such that

U ()2 C A whenever v € 37 U {1} (€ C>(3)).
Then U (f)Ao C Ao for all f € C>(3), and

\I]()‘Qlo € 5/(378(9(0))
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PROOF The only nontrivial assertion is that 2 is invariant to ¥(f) for all
f € C*(3). With the notation of Remark 5.16, since P(3) is dense in C*(3),
it will be enough to show that for p € P(3) arbitrary we have ¥(p)2y C 2.
To this end, write p = tx (yn)Y + -+ + 191 + to as in Remark 5.16. Since
¥ is quasimultiplicative we have W((v;)?) = ¥(v;)? for j =1,..., N, whence

U(p) = tnU(yn)N 4+ + 810 (1) + to¥(1).

Since 2 is invariant to each of the operators W(vyy), ..., ¥(y1), ¥(1), it then
follows that 2y is invariant to ¥(p) as well, and the proof is finished.

PROPOSITION 5.18 For j = 1,2 let; be a complex Banach space and
U, € &'(3,B(~;)) quasimultiplicative. Consider ¢ € B(U1,As) such that, for
each v € 3% U{1} (CC>(3)), the diagram

Ay L)Qb

ww)l l%m)

A —2— Ay
is commutative. Then the following assertions hold.
(a) If Ranp is dense in 2y, then supp Yo C supp U;.
(b) If Ker v = {0}, then supp ¥; C sup ¥s.

(¢c) IfRanp & () KerWs(f), then supp W1 Nsupp ¥s # 0.
fec=()

PROOF  Using Remark 5.16, write an arbitrary p € P(3) under the form
p = tn(yw)N 4+ -+ 171 + to. Now, since ¥, is quasimultiplicative, we

N
get W,(p) = Y tx¥,(7x)" as in the proof of Proposition 5.17. Then the

k=0
hypothesis implies that ¥s(p) o p = @ o ¥1(p). But P(3) is dense in C>(3),
hence

(VfeC*@3)  Palf)op=woWi(f)

This fact easily implies that if Ran ¢ is dense in %A, then Ker ¥; C Ker Us.
The latter inclusion in turn implies that supp Vs C supp V1, thus proving the
assertion (a).

Similarly, if Ker ¢ = {0}, then we obtain by that Ker U5 C Ker ¥y, which
shows that supp ¥; C sup ¥s, and (b) is proved.

In order to prove the assertion (c), pick a; € 21y with

plar) ¢ ﬂ Ker Us(f).

feC>=(3)
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Then Lemma 5.7(a) shows that

supp Wa(-)(p(a1)) # 0.

We have obviously
supp W3(-)(¢(a1)) C supp ¥a.

On the other hand, for every f € C*(3) with supp f C 3\ sup ¥y(-)a1, we
have Wy(f)a; = 0, whence 0 = o(¥1(f)a1) = Va(f)(p(a1)). Consequently
we obtain (supp Wa(-)(¢(a1))) N (3 \ supp ¥1(-)a;) = @, hence

supp Wz (-)(p(a1)) € supp ¥i(-)a; C supp ¥;.

Thus
0 # supp Yo () (p(a1)) C supp ¥; Nsupp Yo

and the proof is finished. I

REMARK 5.19 For later use we now state a by-product of the proof of
Proposition 5.18(c). For j = 1,2, letA; be a complex Banach space and ¥; €
E'(3,B(;)) quasimultiplicative. If ¢ € B(Ay,Az) and @ o U1(y) = Ua(y) 0@
for all v € 3% U {1}, then for each closed subset F of 3 we have

o((1)w, (F)) C (A2)w, (F).

(See Definition 5.5.)
To prove this fact, just recall from the proof of Proposition 5.18(c) that

supp W (-)(¢(a1)) € sup ¥ (-)ar

for each a1 € 2A5.

LEMMA 5.20 Let 2 be a complex Banach space, ¥ € £'(3,B(A)) quasi-
multiplicative with ¥(1) = idy, and Fy, Fy closed subsets of 3 such that

suppV = FpUF; and FyNEF; = 0.
Let S0 be another Banach space, denote A= B(2,0) and define

U= My € E'(3,BE)),

where _ _
(Vf EC‘X’(;,)) Mq;(f)Z A — A, T»—)T\Il(f).

Then U is quasimultiplicative, \Il(l) = idy and

Ag (Fy) (A (Fr)) = {0}
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for j,k € {0,1} with j # k.
PROOF It is clear that ¥ is quasimultiplicative and {17(1) = idg, and it is
also easy to check that

supp\Tf =suppV¥ = Fy U F}.

Then we can apply Theorem 5.14 to both ¥ and U. We thus obtain a decom-
position of 2 into a direct sum of closed subspaces,

A=A + 2y (where 2; = Ay (F;) for j =0,1),
and a similar decomposition of 5[,
A= Ao + Ay (with 2; :ﬁ@(Fj) for 7 =0,1).
Moreover, for j = 0,1, 2; is invariant to ¥(f) for all f € C*°(3), and we define
Uj = V()|a, € '3 BR))

We similarly define _ _ ~
\I/j = \Ij()|§[3 = 5/(3a8(91]))

It follows at once by Theorem 5.14 that
supp ¥, = supp¥; = F; for j=0,1.
Now fix j € {0,1} and define
©: ﬁj — BA1-5,90), T Tla,_,.
What we have to prove is that ¢ = 0. To this end, note that
(VfEC™®G) My, oy =wo¥(f),
(where My, () € &' (3, B(B(A1—;,9))) is defined similarly to My.)). Since
supp My, ;) =suppW¥i_; = Fi_;
and supp {Iv/j = F}, it then follows by Proposition 5.18(c) that

Ran¢ C ﬂ Ker My, _,(p)-
frec>=()

But My, ;1) = idg(,_, »), hence the above inclusion implies that Ran ¢ =
{0}, i.e., ¢ = 0. The proof is finished. I
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PROPOSITION 5.21 Let A and U be complex Banach spaces and
w:AXxA -V

a bounded skew-symmetric bilinear map. Assume that ¥ € &'(3,B(2A)) is
quasimultiplicative, V(1) = idgy, and we have

w(Ay ({0}), Ay ({0})) = {0}

and
(Vy € 37)(Va,b € ) w(¥(y)a,b) = —w(a, T(y)d).

If S is a closed subset of 3 such that SN (=S) =10 and
supp¥ C (-S)u{0}uS
and we denote
p=Ag((=5)u{0}),

then
w(p,p) = {0}.

PROOF  As in Lemma 5.20, denote A = B(2, ) and define ¥ € &' (3, B(A)
by

U(f): A=A T TU(f),
for all f € C>(3). Moreover, define UN € &£'(3, B(2)) by

(VfeC™()  UN(f)=T(foN),

where
N:3—3, 2z —2.

Then _ _
supp¥ =supp¥ and supp (¥N) = —supp V.

Further define _
0:A—-2A a— w(a,-).

Then the hypothesis implies that, for each vy € 37 U {1}, the diagram
v | |@we
0

A —— 9

is commutative, hence Remark 5.19 shows that
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and
02w ({0})) € Ay ({0}) = Ay ({0}). (5.5)

On the other hand, Theorem 5.14 implies that
A=Ay (—S) + Aw ({0}) + A (S).
In particular, we have
p = Ay (-5) +Au({0}),
hence

w(p,p) =0(p)p
= (0 (=9)) + 0(2Aw({0}))) (Aw(—5) + A ({0}))
CUAg () (A (—9)) + Ag () (Aw ({0})) + A ({0}) (A (—5))
+0(2Aw ({0}))2Ag ({0})

by (5.4) along with (5.5). In view of Lemma 5.20 we then get
w(p,p) C 0(2Aw ({0HAw({0}) = w(Aw ({0}), Ay ({0})) = {0},

where the latter equality follows by the hypothesis. The proof ends. I

PROPOSITION 5.22 For j = 1,2, let 2; be a complex Banach space
and W; € £'(3,B(A;)) quasimultiplicative with ¥;(1) = idy,. Consider

K: Qll — ng
continuous and conjugate-linear such that for every v € 3% the diagram

Aq #9[2

fww)l l%(w)

Aq L)Qb

18 commutative. Then

£((2)w, (F)) € (A2)w, (—F)
for each closed subset F of 3.

PROOF The proof has two stages.
1° We first prove that if N: 3 — 3 is given by N(z) = —z for all z € 3, then

(Vf €C™(3)) koW (foN)=Wy(f)or. (5.6)

Copyright © 2006 Taylor & Francis Group, LLC



120 Smooth Homogeneous Structures in Operator Theory

Since the complex-valued polynomial functions are dense in C*(3), it suffices
to prove (5.6) in the case when f = p is a polynomial function. To this end,
write it under the form

m

p=Y tj(y) +to-1 (5.7)
j=1
as in Remark 5.16, with m € Z, to,...,t,, € C and y1,...,7m € 37. Since

Uy is quasimultiplicative and Wo(1) = idg(,, we get as in the proof of Propo-
sition 5.17 that

Ua(p) =D t;U(7;) +to - ida,,

Jj=1
whence

\Ilg(p)on:th\IJ(vj)jon—kto - K. (5.8)
j=1

On the other hand, we get by (5.7)
ﬁON = ZEJ(—’Y])] —‘rf() . 1,
j=1

hence the fact that ¥y is quasimultiplicative and « is conjugate-linear implies
that

m m
koW (poN) = tiroUi(—y) +to k=Y t;Ts(y;) ok +1to- k. (5.9)
j=1 j=1

Now (5.8) and (5.9) show that (5.6) indeed holds for f = p.

2° We now come back to the proof and consider an arbitrary closed subset
F of 3. Take a1 € (21)w,(F) arbitrary. We have to prove that k(a;) €
(ng)xpz(—F), that iS,

supp Yo () (k(az)) € —F.

In order to prove this fact, let f € C°°(3) arbitrary with (supp f) N (—F) = 0.
We have by (5.6)

Uy (f)(k(ar)) = K(T1(f o N)ay). (5.10)

But supp (f o N) = —sup f C 3\ F. Since a; € (%1)y, (F), it then follows

that Uy (f o N)a; = 0, hence U5(f)(k(a1)) =0 by (5.10). In view of the way
f was chosen, we get supp U5 (-)(k(a1)) € —F, and the proof is finished.  []
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5.3 Hermitian maps

Our aim in this section is to discuss some basic examples of quasimultiplica-
tive maps: the Weyl functional calculus of hermitian maps (Example 5.25)
and, as a special case, the Borel functional calculus of spectral measures (Ex-
ample 5.26).

DEFINITION 5.23 1f 2l is a complex Banach space and ¥, € B(3%, B(21))
has the property that

(vyes®) [l <1,

then we say that U, is hermitian. An operator A € B(2l) is said to be
hermitian if the map R — B(2l), t — tA, is hermitian.

REMARK 5.24 In Definition 5.23, if n = dim and 74, ...,7y, is a basis
of 3%, then the condition that ¥, is hermitian is equivalent to the fact that,
denoting Ay = Uy(yx) € B(), we have

(Vhe{l,..,n)(VteR) [ =1,

by Lemma 2.1 in [An69] (see also Remarks 4/5 in §14 in [BS01]). When 2 is
a complex Hilbert space, this is further equivalent to the fact that Aq,..., A,
are self-adjoint operators.

EXAMPLE 5.25 As an example of quasimultiplicative map, we now de-
scribe the Weyl functional calculus developed in [An69].

Let 2 be a complex Banach space and ¥y € B(3, B()) hermitian in the
sense of Definition 5.23. Denote dim3 = n.

In order to extend Wy from 3% to C>(3), first recall the Fourier transform
f of a continuous absolutely integrable function f: 3 — B(2)

Foat o BE),  f) = W / 0 (). (5.11)

3

If f is also absolutely integrable, then the Fourier inversion formula

(2e3) I = Gy | €0 (512)

3%

holds (see e.g., Lemma 8.2 in Chapter IV in [Va82]) and suggests to define
the linear map ¥: C§°(3) — B(2) by

I TR T (IR AT

3%
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Then Lemma 2.3 in [An69] shows that we have actually ¥ € £'(3, B(A)) (i.e.,
U extends from C§°(3) to C*°(3)). Moreover, Lemma 3.1 in [An69] implies
that ¥ is quasimultiplicative.

The compact subset supp ¥ of 3 (see Lemma 5.7(a)) will be called the Weyl
spectrum of Wy and will be denoted by

ow (Vo).
It clearly agrees with the notation of Weyl joint spectrum oy (-) introduced
n [An69]. Moreover, if [Ran ¥y, Ran ¥y = {0}, then ¥: C*(3) — B()
is multiplicative (see e.g., Theorem 2.4(c) in [An69] or Satz 3.3 in [Al74]),
hence ow (Vy) agrees with the Taylor joint spectrum of commuting tuples
of operators (see e.g., Folgerung 2.16 in [Al74] or Proposition 7.7 (1)) in
Chapter IV in [Va82]).

We also note that for the constant function 1 € C*°(3), we have ¥(1) = idy.
(See e.g., Theorem 2.9 (b) in [An69].) In particular, it follows that

ﬂ Ker = {0}.
fec>=(;
Finally, denoting
(VEC3) Ay, (F) :=Ae(F)
(cf. Definition 5.5), we have
s, (101) = () Ker (¥o(7)): (514)
vE#

Indeed, if ¥o(y)a = 0 for all y € 3%, then it easily follows by (5.12) and (5.13)
that

(VfeC*@)  ¥(fa=f(0)a,
hence supp ¥(-)a = {0}. Conversely, if the latter equality holds, then for each
7y € 3% fixed we have supp ¥, (-)a = {0}, where

U, € £(RBER)), T, (f) = ¥(for).

Then the local spectrum of a with respect to the operator ¥.,(idg) (= ¥(y))
is {0} by Proposition 7.7 (2) in Chapter IV in [Va82]. Then Lemma 4.4.4 in
[CF68] and Proposition 1 in [Al78] (or Corollary 4 in §14 in [BSO01]) imply
that U(vy)a = 0, and (5.14) is completely proved.

EXAMPLE 5.26 Let 2 be a complex Banach space. Consider a compact
subset K of 3 and denote by Bor(K) the o-algebra of all Borel subsets of K.
Let

E: Bor(K) — B(%)

be a spectral measure on 3, i.e., E(-) has the following properties:
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E0) =0, BE(K) = idy;

(a
(b

)

) E(61 Nd2) = E(61)E(d2) whenever 1,05 € Bor(K);
(c) sup{||E(d)]| | 6 € Bor(K)} =: M < oo; and

)

(d) if {0;};>1 is a sequence of pairwise disjoint elements of Bor(K'), then

E(lJdj)a=>" E(5;)a
j=1 j=1
for each a € .
Then E defines an element Ug of £'(3, B(A)) by

Up: C=(3) — B, \IJE(f):/f(z)dE(z).

3

(See e.g., Theorem 7.21 in Chapter IV in [Va82] for the details of construction
of the above integral.) We denote

supp £ :=supp Vg

and note that supp F is the smallest closed subset Ky of K with E(Kj) = idg.
The property (b) of the spectral measure F implies that U g is multiplicative:

(Vf,9€C™G)  Ye(fg)=VYEe(f)VE(9) (5.15)
We then have for every v € 37 (C C*®(3))

| =) = [WpE)] = | / 02 4B (2) | < AM

3

(see estimate (7.10) in Chapter IV in [Va82]). Since {e!¥#(") | y € 3#} is a
group of invertible operators on 2 (by (5.15)), it then follows that the function
|| |li: 2 — Ry defined by

(Vae)  afs =sup{[le"=] |y € 3%}

is an equivalent norm on 2 such that, denoting also by ||-||1 the corresponding
operator norm on B(2), we have

(vyes®) e <1,
hence the map W, : 3% — B(A) is hermitian in the sense of Definition 5.23,

provided we consider 2 endowed with the equivalent norm || - ||1.
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We now prove a version of Proposition 5.17 in the framework of spectral
measures.

PROPOSITION 5.27  Let 2 be a compler Banach space, K a compact
subset of 3, and E: Bor(K) — B(2l) a spectral measure. If gy is a closed
subspace of A that is invariant to Vg () for all v € 3%, then Uy is invariant
to E(0) for all § € Bor(K), and

E()]a : Bor(K) — B(2)

s again a spectral measure.

PROOF Take ag € Ao and 3 € A¥ arbitrary with 3|y, = 0, and observe
that B(E(-)ag) is a complex Radon measure on K, vanishing on the polyno-
mials by Proposition 5.17. Hence S(E(d)ag) = 0 for all 6 € Bor(K). Since
B € A¥ was arbitrary with Blg, = 0, we get E(d)ag € o as an easy conse-
quence of the Hahn-Banach Theorem. Consequently, 2y is invariant to E(J)
for all 6 € Bor(K).

The other assertion in the statement is obvious. I

REMARK 5.28 For later use, let us note a more general fact that can be
obtained by the argument used in the proof of Proposition 5.27. For j = 1,2,
let A; be a complex Banach space and

E;: Bor(K) — B(%,)
a spectral measure, where K is a compact subset of 3. If p € B(1,Us2) and
(Vv es®)  Tp(V)op=ypolg(7),

then
(VCSE BOI‘(K)) EQ((S)O(p:(pOEl((S)

REMARK 5.29 We now state a version of Proposition 5.22 in the frame-
work of spectral measures. Let K be a compact subset of 3; for j =1,2, A; a
complex Banach space; and

E;: Bor(K) — B(%,)

a spectral measure. Let k: Ay — s be continuous and conjugate-linear such
that

(Vy€3%) Vg, (y)ok=—koVg(v).
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Then
(V4 € Bor(K)) E5(6) ok = ko E1(—9).

To prove this fact, just use relation (5.6) in the proof of Proposition 5.22,
and then the argument in the proof of Proposition 5.27.

Notes

In this chapter we obtain versions of results belonging to the spectral theory
of commuting tuples of operators. These versions are suitable for the appli-
cations we are going to make in the next chapters. Instead of making use of
Koszul complexes as e.g., in [Va82] and [BS01], we use appropriate functional
calculi. And these functional calculi are nothing more than operator-valued
distributions on finite-dimensional real vector spaces. The support of such a
distribution plays the role of a joint spectrum (see Example 5.25).

The present chapter owes much to the papers [An69] and [An70]. In par-
ticular in Theorem 5.14 we used the method of proof of Theorem 1 in [An70].
Nevertheless we need (and draw) conclusions which are significantly sharper
than the statement of Theorem 1 in [An70]. In particular, nothing like the
assertions (iii) and (iv) in the following theorem seems to be noted in [An70].

Definition 5.3 is suggested by e.g., Theorem 40.5 in [Tr67]. Our Remark 5.4
in the special case of scalar valued distributions can be found e.g., as Corol-
lary 1 to Lemma 41.1 in [Tr67]. For our Remark 5.16 see the beginning of the
proof of Theorem 2.4 in [An69].

We also note that Corollary 5.11 extends the results of Section 1 in [Be05a].
Also, Proposition 5.21 in the present chapter is a generalization of Proposi-
tion 2.1 in [BeOb5a).

Copyright © 2006 Taylor & Francis Group, LLC



Chapter 6

Complex Structures on
Homogeneous Spaces

Abstract. We expose a general method to construct invariant
complex structures on homogeneous spaces of Banach-Lie groups.
The approach relies on the properties of quasimultiplicative maps.
Afterwards we introduce the various types of (pseudo-) Ké&hler
manifolds, which are helpful in order to understand the interac-
tion between complex geometry and symplectic geometry. The
(pseudo-) Kahler homogeneous spaces of a Lie group G are de-
scribed in Lie algebraic terms by means of the complex polar-
izations, which are particular subalgebras of the complexified Lie
algebra of G. The chapter concludes by an application of the afore-
mentioned method to constructions of invariant complex struc-
tures on flag manifolds associated with Banach algebras. In the
special case when the Banach algebra under consideration is a ma-
trix algebra M,,(C) we get precisely the usual flag manifolds dealt
with in the classical complex geometry.

6.1 General results

According to Theorem 4.19, if H is a Banach-Lie subgroup of the real
Banach-Lie group G, then G/H carries the structure of a real Banach manifold
such that the canonical projection 7: G — G/H is a real analytic submersion
and the natural transitive action

GxG/H — G/H, (9,kH) — gkH

is real analytic. In this setting, it is important to know when G/H possesses
a G-invariant complez structure. That is, when does G/H possess a structure
of complex Banach manifold such that for each g € G, the map

G/H — G/H, kH — gkH,

is holomorphic?

127
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The following theorem contains an answer to that question. The main point
here is that the complex G-invariant structure of the homogeneous space G/H
is studied only in terms of Lie algebras.

THEOREM 6.1 Let G be a real Banach-Lie group with the Lie algebra g.
Denote by a — a the involution of gc whose fixed points are just the elements
of g. Assume that H is a connected Banach-Lie subgroup of G with the Lie
algebra b and fix a closed subspace M of g with g = M + . Moreover denote
by

a:GxG/H—G/H, (g9,kH)vw— o4(kH) = gkH,

the transitive action of G on the smooth homogeneous space G/H. Then there
exists a bijective correspondence between, on one hand, the complex Banach
manifold structures on M = G/H satisfying the conditions:

(a) the smooth structure underlying the complex structure is just the smooth
manifold structure of the homogeneous space G/H, and

(b) the mapping ag: G/H — G/H ‘is holomorphic for all g € G,

and, on the other hand, the closed complex subalgebras ¢ of gc having the
properties

(i) b8 C ¢,
(ii) ENE=b+ibh, and

(iii) €+ €= gc.

The same conclusion holds when H is not necessarily connected, provided
(i) holds under the stronger form

(") Adg(h)eC ¢t for allh € H.

PROOF  See [Be05b] for a complete and self-contained discussion. I
Theorem 6.1 shows the importance of the following question:
Given a real Banach-Lie algebra g with the complezification A, and
a closed subalgebra b of g, describe sufficient conditions for the
existence of a closed complex subalgebra € of A with the properties

(1)—(iil) as in Theorem 6.1 above.

It is just our next aim to approach this question using the tools developed
in Chapter 5.
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PROPOSITION 6.2 Let g be a canonically involutive Banach-Lie algebra,
3 a finite-dimensional real vector space, and ¥, € B(3%,Der(g)) and denote
by A the complexification of g. Assume that the map

W, : 3% — Der(2A)

can be extended to a quasimultiplicative map ¥ € E'(3, B(A)) with U (1) = idy.
If there exists a closed subsemigroup S of (3,+) such that

(-S)NS=0

and
supp ¥ C (=S) U {0} U S,

then
h:=gNAy({0})

s a closed subalgebra of g,
t:= Ay ((—S)U{0})

is a closed complex subalgebra of A, and the conditions (i)—(iii) in Theorem 6.1

are fulfilled.

PROOF As in the statement of Theorem 8.4, denote by a +— a the involu-
tion of 2 whose fixed points are the elements of g. We have

(Vyes®)(Vae)  U(y)a=—¥(y)a,

hence Proposition 5.22 implies that

Wy (F) = Ay (—F) for every closed subset F of 3. (6.1)

In particular, 2y ({0}) = Ay ({0}), whence
b +ih = Ay ({0}).
On the other hand,
ENE=2Ay (S U{0}) NAg((—5) U{0}) = Ay ({0}),

hence
ENE=h+ibh,

which is just condition (ii) in Theorem 6.1. The other conditions (i) and (iii)
in Theorem 6.1 follow by Corollary 5.15, using the fact that

Ay (£S5 U{0}) = Ay (£S) + Ay ({0}),
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and the proof ends. I

We now apply the previous Proposition 5.5 using Definition 5.23 and Ex-
ample 5.25.

COROLLARY 6.3 Let g be a canonically involutive Banach-Lie algebra
with the complezification A, 3 a finite-dimensional real vector space, and ¥ €
B(3%#,Der(g)). Assume that the map

Vo =10, (e BG", B(2)))
is hermitian and there exists a closed subsemigroup S of (3,4) such that
(=S)YNS=0

and

ow (¥o) C (=S)U{0}US.
Then

is a closed subalgebra of g,

£ := 2y, ((—S) U {0})

is a closed complex subalgebra of A, and the conditions (i)—(iii) in Theorem 6.1
are fulfilled.

PROOF  Since the map ¥g: 37 — B(2) is hermitian, Example 5.25 shows
that it can be extended to a quasimultiplicative map ¥ € &£'(3, B()) with
U(1) =idy and

v ({0}) = m Ker U(y

yESFH

Now use Proposition 6.2. I

The next result is a version of the above Corollary 6.3 involving spectral
measures (see Example 5.26). The point here is that we strengthen the con-
dition upon the quasimultiplicative map ¥ in exchange for weakening the
condition on the subsemigroup S of (3,+).

PROPOSITION 6.4 Let g be a canonically involutive Banach-Lie alge-
bra whose complezification is denoted by A, 3 a finite-dimensional real vector
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space, and ¥ € B(3%,Der(g)). Assume that there ezists a spectral measure E
on 3 with values in B(A) such that

(hest) i) = [1dB)

and there exists a closed subsemigroup S of (3,+) with

(=5)NS={0}
and
supFE C (=S)US.
Then
h:= m Ker U(~)
ye#
s a closed subalgebra of g,
t:= Ran E(—5)

is a closed complex subalgebra of A, and the conditions (i)—(iii) in Theorem 6.1
are fulfilled.

PROOF We first note that in the statement and in what follows, we define
as usual
E():=E(NsupE)

for every Borel subset ¢ of 3.
Since supp E C (—S) U S, we have idy = E(—S) + E(S \ {0}) by the
additivity property of the spectral measure E, hence

2 = Ran E(—S) + Ran E(S) (6.2)

(because Ran E(S \ {0}) C Ran E(95)).
On the other hand, for each closed subset § of 3 we have by both Corol-
lary 7.22 and Proposition 7.7 in Chapter IV in [Va82] that

Ran E(6) = Ay, (6), (6.3)

where Uy € &£'(3, B(2)) is the multiplicative map associated to the spectral
measure E as in Example 5.26. Now, we can use (6.1) from the proof of
Proposition 6.2 to deduce that

Ran E(S) = Ran E(—S5),
whence by (6.2)
A=t+¢
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Moreover,
Nt =Ran E(—S)NRan E(S) = Ran E((—S) N S) = Ran E({0}) = b + ih,

where the latter equality follows just as in the proof of Proposition 6.2 above.

The fact that € is a closed subalgebra of 2 follows by (6.3) and Corol-
lary 5.11(b). Since h C ¢, it then follows that [h,€] C € Finally, since
E(=8)% = E(-9), it follows that £ (= Ran E(—9)) is complemented in 2 by
Ker E(-5). I

6.2 Pseudo-Kahler manifolds

This section is closely related to Section 4.2 inasmuch as the pseudo-Kéahler
structures which we discuss below are nothing else than symplectic structures
that are compatible in some sense with a complex structure. The main re-
sult (Theorem 6.12) is a characterization of homogeneous (pseudo-)Kéhler
structures in terms of complex polarizations.

DEFINITION 6.5 Let 3 be a real Banach space. A weakly pseudo-Kdhler
manifold of type 3 is a pair (M, w) satisfying the following conditions.

(i) The pair (M,w) is a weakly symplectic manifold of type 3.
(ii) The Banach manifold M is actually a complex Banach manifold.
(iii) For all x € M and v,w € T, M we have
wa (L, Lyw) = we (v, w),
where I,: T, M — T, M is the multiplication-by-i operator.

If moreover (M,w) is a strongly symplectic manifold of type 3, then we say
that (M,w) is a strongly pseudo-Kdhler manifold of type 3.

The pair (M, w) is said to be a weakly (respectively, strongly) Kahler mani-
fold of type 3 if it is a weakly (respectively, strongly) pseudo-K&hler manifold
of type 3 that satisfies the following positivity condition:

(iv) There exists a closed convex cone I' in 3 such that I' N (—I') = {0} and
Vv e T,M\ {0}) wy(v,I;v) €T\ {0}

for all z € M.
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REMARK 6.6 1t is easy to see that condition (iv) in Definition 6.5 is
equivalent to the following condition: If we extend w,: T, M X T, M — 3 to
a C-bilinear map wy: (T, M)c x (TyM)c — 3c and I,: T, M — T, M to a
C-linear operator I,: (T, M)c — (T, M)c (which satisfies (I,)? = —id(7, ar)..)
then

(Va € V;F\ {0}) —iwg(a,a) €T\ {0},

where a — @ denotes the conjugation on (T, M )¢, whose set of fixed points is
T.M, and V" := Ker (I, —i-id (1, ar)c)-

DEFINITION 6.7 Let 3 be a real Banach space and G a Banach-Lie
group.

A weakly (respectively, strongly) pseudo-Kdhler homogeneous space of G of
type 3 is a weakly (respectively, strongly) pseudo-Kéhler manifold (M,w) of
type 3 that satisfies the following conditions:

(i) The pair (M,w) is a weakly (respectively, strongly) symplectic homoge-
neous space of G of type ;3.

(ii) For every element g € G the mapping ay,: M — M is holomorphic,
where a: G x M — M, (g,x) — a4(x), is the transitive action of G on
its homogeneous space M.

If (M, w) is actually a weakly (respectively, strongly) K&hler manifold of type
3, then we say that the pair (M,w) is a weakly (respectively, strongly) Kdhler
homogeneous space of G of type 3.

The next definition will help us to get a characterization of pseudo-Kahler
homogeneous spaces in Lie algebraic terms (see Theorem 6.12 below).

DEFINITION 6.8 Let g be a real Banach-Lie algebra, 3 a real Banach
space, and 1 € Z>2(g,3). Denote by a +— @ the involution of gc whose fixed
points are the elements of g. Also denote

h:={acg|w(ag) ={0}}

Then a complex polarization of g in w is a closed complex subspace p of g¢
such that p is complemented in gc and moreover has the following properties:

C1) p is a subalgebra of g¢ and [h,p] C p,
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REMARK 6.9

(a) In Definition 6.8, the condition [h, p] C p actually follows by the other
properties of p, because p is a Lie algebra and h C p by (C2).

(b) It will turn out in stage 1° of the proof of Theorem 6.12 below that in
the setting of Definition 6.8, the properties (C2) and (C3) imply that
the inclusion map g — g¢ induces an invertible operator

g/b — gc/p.

(¢) We note that a complex polarization in particular satisfies conditions
(i)-(iii) in Theorem 6.1

DEFINITION 6.10 Let g be a real Banach-Lie algebra, 3 a real Banach
space, and w € Z2(g,3). Denote by a — a the involution of gc whose set of
fixed points is just g. Also denote

h={acg|wlag) ={0}}
We say that a complex polarization p of g in w is a weakly Kdahler polarization

if, in addition to conditions (C1)—(C4) in Definition 6.8, it also satisfies the
following positivity condition:

(C5) There exists a closed convex cone I in 3 such that I' N (=T') = {0} and
(Va€p\bc)  —iw(a,a) €'\ {0}.
If moreover the injective map

g/b — B(g/h,3), a+bhr— wla,-)

is invertible, we say that p is a strongly Kdahler polarization of g in w.

REMARK 6.11

(a) In the condition (C5) in Definition 6.10, one actually considers the com-
plexification w of 3 and the complex-bilinear extension of w to

w: gc X gc — .
One thinks of I' as a subset of tv = 3 + i3 as usual:

rc3=53+i-0Cw.

(b) In Definition 6.10, in the case when 3 = R, one obtains the classical
notions of weakly and strongly Kéahler polarizations, respectively.
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THEOREM 6.12 Let 3 be a real Banach space, G a Banach-Lie group with
L(G) = g, H a Banach-Lie subgroup of G with L(H) = b, and M a closed
subspace of g such that g =M+ . Denote M = G/H and let m: G — M be
the natural projection.

Assume that n € Z*(g,b;3) satisfies

h={acg|(Vbeg) mnlab) =0},

and denote w = X(n) € Q%,(M,3). On the other hand, extend n to a C-bilinear
map 1: gc X gc — 3c.

Moreover assume that p is a closed complex subalgebra of gc with the prop-
erties

p+p=gc, pNp=he, and Adg(h)pCp forall heH,

and assume that M has the structure of a complex manifold given by p such
that ag: M — M is a holomorphic map for all g € G.
Then the following assertions hold.

(i) The pair (M,w) is a weakly pseudo-Kdhler homogeneous space of G of
type 3 if and only if p is a complex polarization of g in 7).

(ii) The pair (M,w) is a weakly Kdihler homogeneous space of G of type 3 if
and only if p is a weakly Kahler polarization of g in 0.

PROOF The proof has several stages, and only the last of them will con-
cern assertion (ii).
1° To begin with, note that the mapping

gg/h_)gC/pa $+th+p,

is an isomorphism of real Banach spaces. In fact, since g is the fixed point

set of the conjugation a — @, it follows that pNg=pNpNg=hcNg=h,

hence 0 is injective. To see that 6 is surjective as well, let z € g¢ arbitrary.

Since p +p = gc, there exist z1,20 € p such that z = 21 + Z5. Then z =

(Zl +21) + (22 — 21) with z1 + 7z € g and Zo — Z1 € p, hence z +p € Rané.
For later use we also note the following fact:

Ve eg)(3z€p) z=2+7Z (6.4)

In fact, let x € g C gc and write x = 21 + Z2 as above, with 21,29 € p. Then
Z1+ 22 =T =2 = 21 + Z2, hence x = z + Z, where z = (21 + 22)/2 € p.

2° Since ¢ is an isomorphism of the real Banach space g/h = T(1) onto the
complex Banach space gc/p, we get a linear operator Ir(qy: TrayM — Tr1yM
which is similar (by means of #) to the multiplication-by-i operator on gc¢/p.
We now want to describe in more detail the action of I ;). To this end, let
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x € g arbitrary. According to (6.4) there exists z € p such that x = z 4 Z.
Then

O(Lyy(z+h) =iz +p=iz+izZ+p=i(z—2)+p=0(i(z - 2) + b),

where i(2—%) € gsincei(z — Z) = i(2—%). Thus the action of I(1): g/h — g/b
can be described in the following way:
(Vzep) Iyn(z+Z+bh)=i(z—-2) +b. (6.5)
3° It follows by (6.5) that if 21, 2o € p, then

wr) (1) (21 +Z1 +b), L1y (22 + Z2 + b))
= n(i(z1 — Z1),i(22 — Z2))
= n(z1,22) +n(z1, 22) — (n(21, 22) +1(21,22)),  (6.6)

and

wr1)(z1+Z1 + b,22 +Z2 + b)
= n(z1 + Z1,22 + Z2)
= n(z1,22) + n(Z1, 22) + (n(21, 22) + 1(21,22)).  (6.7)

With these formulas at hand, we are able to prove assertion (i) in the state-
ment of the theorem.

First assume that n(pxp) = {0}. Then n(pxp) = {0}, hence (6.6) and (6.7)
along with (6.4) show that wy(Iv, Lyw) = wy(v,w) for z = 7(1) € M and
all v,w € T, M. Since both the 2-form w and the complex structure I are in-
variant on M, it then follows that M is a weakly pseudo-Kéhler homogeneous
space of G of type 3.

Conversely, if M is a weakly pseudo-Kéhler homogeneous space of G of type
3, then (6.6) and(6.7) imply that

(V21,22 €9) n(21,22) +n(21,22) = 0.

Since p is a complex vector space, we may replace zo by ize in the above
equation to get n(z1, z2) — 1(z1,22) = 0 for all 21, 20 € p, whence eventually
n(z1,22) =0 for all zq, 22 € p.

4° At this stage we prove assertion (ii) in the statement of the theorem. Let
x € g arbitrary. According to (6.4), there exists z € p such that z = z + Z.
By (6.5) we get

wﬂ"(l)(z +zZ+ b)Iﬂ'(l)(z +Z+ h)) = 77(2' +z, I(Z - E)) = 2177('2’2) = _2177(2”5)-

Now, note that for = z+7Z as above we have x € g\ b if and only if z € p\ hc.
Consequently

(V€ TrayM\{0}) wr(a)(v, Inyv) € I'\{0} & (Va€ p\bc) —in(a,a) € I'\{0},

and the desired conclusion follows since w is invariant under the transitive
action of G on M.
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6.3 Flag manifolds in Banach algebras

Now we are going to use the previously proved results in order to con-
struct invariant complex structures on flag manifolds in Banach algebras (see
Example 6.19 below).

Until the end of the present section, we denote by 8 an associative unital
complex Banach algebra, and by G(9%) the complex Banach-Lie group of
invertible elements in 8.

PROPOSITION 6.13 Let n be a positive integer and ci,...,c, € B.
Denote

H={ueU®B)|u=cufori=1,...,n}

and
h={becu(B)|bc;=cbfori=1,...,n}.

Then b is a closed subalgebra of u(B), H is a real Banach-Lie group with the
topology inherited from the topology T of the Banach-Lie group U(B), and b
is the Lie algebra of H.

PROOF Note that H is an algebraic subgroup of U(B) of degree < 1.
Then Theorem 4.18 can be used because for b € B8 we have bec; = ¢;b if and
only if ec; = c;et? for all t € R.

LEMMA 6.14 In the setting of Proposition 6.13, assume that c1,...c, €
u(B) and the hermitian map

Tp: (RM)# ~ R™ — B(B), (t1y. . tn) — adp(ticr + -+ tnen),
has the property that 0 is an isolated point of ow (¥o). Then H is a Banach-
Lie subgroup of U(B).

PROOF  We first note that in the above statement, the identification
(R")# ~ R" is performed by means of the usual structure of real Hilbert
space of R".

Since ¢y, ..., ¢, € u(B), it follows that the closed subspace J(B) := u(B) +
u(B) of B is invariant to ¥o(vy) for all v € R™, hence

ow (Po()|3(m3)) € ow(¥o)

by Proposition 5.18(b) and the definition of oy (¥p) in Example 5.25. It then
follows that 0 is an isolated point of oy (Wo(-)|3(m)) as well. Since Wo(-)|5(x)
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is in turn a hermitian map, we deduce by Example 5.25 and Theorem 5.14

that
I(B) = I(B)w, ({0}) + I(B)w, (ow (Lo()l3cw)) \ {0}). (6.8)
Moreover,
3(B)w,({0}) =3(B) N [ Ker Uo(7) (6.9)
YER™

by (5.14) in Example 5.25.
On the other hand, since cy, ..., ¢, € u(B), we have

(Vy € R")(Vb € J(B))  To(7)b = To(1)0,
where b — b is the conjugate-linear map of J(8) onto itself defined by
a1 + ias — a1 — ias
for all a1, az € u(B). Then Proposition 5.22 implies that
(VF closed subset of R"™) I(B)w,(F) = 3(B)w, (F).

In particular, each of the spaces involved in (6.8) is invariant under the map
b — b, and then

u(B) = (u(B) N ﬂ Ker Uo(7)) + (u(B) N I(B)w, (0w (Lo()l3()) \ {0}))

by (6.9) and by the fact that
u(B) ={be J(B) | b=10}.
Now the definition of b in Proposition 6.13 shows that
u(B) = b+ (W(B) NI(B)w, (ow (Po()[3¢3)) \ {0})),

hence the Lie algebra h of H is complemented in the Lie algebra u(8) of U(8).
Taking into account Proposition 6.13, it then follows that H is a Banach-Lie
subgroup of U(‘B). I

COROLLARY 6.15 In the setting of Proposition 6.13, let us assume that
€1y ey Cn € U(B), [ci,¢5] =0 for alli,j € {1...,n}, and the spectrum of ¢;
is finite for i = 1,...,n. Then H is a Banach-Lie subgroup of U(B), having
the Lie algebra .

PROOF Let ¥y: R” — B(®B) be the hermitian map in Lemma 6.14. In
view of that lemma, it suffices to prove that 0 is an isolated point of ow ().
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To this end, recall that
o(admsc;) C o(c;) — o(e) fori=1,...,n

(see e.g., Corollary 4.8 in Chapter III in [Va82]). In particular, o(adsc;) is a
finite set for i = 1,...,n.

On the other hand, the operators adgcy, ..., adxsc, € B(B) mutually com-
mute according to the hypothesis, hence oy (¥g) agrees with the Taylor joint
spectrum of the commuting n-tuple

(adgeq, ..., adpe,) € B(B)"
(see Example 5.25). But that Taylor spectrum is contained in
oladger) X -+ x o(admey)

by the projection property (see e.g., Corollary 2 in §26 in [BS01]), hence it is
finite since we have already seen that o(adyc;) is a finite set for i = 1,...,n.
Consequently, ow (¥g) is a finite set.

It follows in particular that 0 is an isolated point of ow (¥), hence we can
apply Lemma 6.14.

LEMMA 6.16 Let m be a positive integer. Let ey, ..., e, € u(B)\ {0}

such that
ejer = 0 whenever j # k, (6.10)
and
e14+ - +e,=1i-1. (6.11)
Also consider the m-dimensional real vector space 3 = (spgpiei,...,em})?,
and let z1,...,zy be the basis of 3 which is dual to the basis eq, ..., e, of

spriei,...,em}. Then the map
o 37 ~spgpier,....,em} — B(B), 7+ ady(iv),
is hermitian and ow (¥o) C {z; — 2z | 1 < 4,k < m}.
PROOF  First note that by multiplying by e; the equality (6.11) and by
taking into account hypothesis (6.10), we get
e? =ie; for j=1,...,m. (6.12)

This latter fact then implies by (6.10), in a straightforward manner, that
e1,...,en are linearly independent, thus justifying the assertion that 3 is m-
dimensional.

The fact that the map Uy is hermitian follows because for every v € 3# =
spriel, - em}t C u(B) we have 7 € U(B), whence

(Vb€ B) e b|| = e=2=|| = [le~be”|| < [le=7|| - o]l - l€” || < l|o]],
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that is, ||e?Yo)|| < 1.
In order to prove the inclusion concerning o (¥y), note that for all j, k,1 €
{1,...,m} and b € B we have by (6.10) and (6.12) that

(\Ifo(ej))(ekbel) =ilej, exbe] = — (21 — 21, €5)erbe; = (€, 21 — zi)exbe;.
Consequently, for all k,1 € {1,...,m} we have
(Vy €3%)(vb € exBer)  Wo(y)b= (7,21 — z)b.

Denoting by
Ve &'(3,B(B))

the (quasi)multiplicative extension of ¥y to C*(3) given by Example 5.25, it
then easily follows that

(Vf S Coo(j)) (Vb S ek%el) \If(f)b = f(Zl - Zk)b (613)

Next, for every b € B we have by (6.11) that

m

b=—(e1+- - +en)bles +-+em) Z —exbey),
k=1
hence we get by (6.13)
(Vf €C*() W(Hb= Y (~f(a— )b (Z (21 = 20) ).

k=1 =1

It then easily follows that sup ¥ C {2z; — z; | 1 < I,k < m}, and the desired
conclusion follows since supp ¥ = oy (¥() by the very definition of aW(\Iloﬁ
(see Example 5.25).

REMARK 6.17

(a) The inclusion in Lemma 6.16 might be strict, as the situation when B
is an abelian algebra shows.

(b) In the framework of Lemma 6.16 and its proof, it easily follows by (6.13)
that for every subset F' of (the finite set) ow (¥q), we have

%\IJO (F) = @ ek%el

1<k,i<m
21—z E€F

as a direct sum of Banach spaces.
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THEOREM 6.18 Let m be a positive integer, and ey, ..., e, € u(B)\ {0}
such that

ejer, = 0 whenever j #k, and ej+---+e, =1i-1.

If U(B)o stands for the identity component of the real Banach-Lie group
U(B), and

H={uecu(B)|uej =ejuforj=1,...,m},
then U(B)oNH is a Banach-Lie subgroup of U(B)o, and there exists a complex
U(B)o-invariant structure on the homogeneous space U(B)o/(U(B)o N H).

PROOF We use of the notation of Lemma 6.16 and also denote
S= (L4 (21— 2) + Ly (22— 23) + - +Lyp - (2 — 2m—1)) \ {0} (C3)

Then S is a closed subsemigroup of 3 with 0 ¢ S. Moreover, Lemma 6.16
implies that
Uw(‘l/o) - (—S) U {0} us.
Since
J(B) = u(B) +iu(B)
is the complexification of u(9%8), Corollary 6.3 then shows that

€= 3(B)u, (—5) U{0}) (6.14)

is a closed complex subalgebra of the Lie algebra J(98),

b= () Ker(i%(7)) = {a € u(B) | ac; = cja for j = 1,...,m}

vE*

is a closed subalgebra of u(8), and the conditions (i)—(iii) in Theorem 6.1 are
satisfied.

On the other hand, the spectrum of e; is contained in {0,1} by (6.12) (in the
proof of Lemma 6.16), hence we can use Corollary 6.15 to deduce that H is a
Banach-Lie subgroup of U(8), having the Lie algebra §. It then follows that
U(B)oN H is a closed Banach-Lie subgroup of U(8B)g, and the Lie algebra of
U(B)oNH is h. Consequently, since we have already seen that the conditions
(i)—(iii) in Theorem 6.1 are fulfilled, it only remains to check the condition
(i’) from that theorem.

To this end, recall that

(Vu e U(B))(Vb € J(B))  (Adp(m)u)b = ubu".

It then follows that for all u € U(B)oN H, b € J(B) and v € 3# =
spriei, ..., em} we have

((AdU(%)U) o Wo(7))b = U[i%b]“_l = [i%UbU_l] = (Wo(7) o AdU(&B)U)b>
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where the last but one equality follows because wy = ~yu according to the
definition of H and to the range where v runs. It then follows by (6.14) and
by Remark 5.19 that

(Vu S U(%)O N H) (AdU(gB)U)E cC¢t

which is just the condition (i’) in Theorem 6.1, whence the desired conclusion
follows. I

EXAMPLE 6.19 Consider the set

Ex ={peB|p=r’}
of all idempotent elements of B, endowed with the usual order relation defined
by

pP<q < pg=gqp=p.

Next let
Py = Ex Niu(B)

be the set of all hermitian idempotents in 8. For an arbitrary integer number
n > 1, consider the flag manifold

Flg,, = {(p1,.--.pn) € (Px)" |p1 <p2 <--- < pu}.

Now, it is easy to check that

a: U(B) x Flg ,, — Flg p, (u, (p1,-.. ,pn)) — (uplufl, . ,upnufl)
(6.15)
is a well-defined action of U(B) on Flg ,,. Then the orbits of the restricted

action
Qo = a‘U(%)oXFlm,n: U(B)o x Flpn — Fly,n

have complex U(B)g-invariant structures, as a consequence of Theorem 6.18.
Indeed, let (p1,...,pn) € Flg, and denote

ej =1i(p; —pj—1) for j=1,...,n+1,
where pg := 0 and p,+1 := 1. Then
ejer, = 0 whenever j #k, and e; +---4+epqp1 =1i- 1.
It is clear that the isotropy group of (pi,...,pn) under the action «q is

Hy :={ueU(B)o | up; =pjuforj=1,...,n}
={uecU(B)y | ue; =ejufor j=1,...,n+1},

while the orbit of (p1,...,p,) under the action ag can be identified with
U(B)o/Ho, hence the desired assertion follows by Theorem 6.18.
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EXAMPLE 6.20 We now specialize Example 6.19 to the important case
when B is a unital C*-algebra. Then

Pe={peB|p=p*=p}
Moreover, it is well known that
UB)={ueB|uu =u"u=1}

(and, if B is even a W*-algebra, then U(B) is connected, that is to say,
U(B) = U(B)o)-

In this special case, the conclusion of Example 6.19 says that the orbits of
the natural action (6.15) of U(8) upon the flag manifold Fly ,, have complex
U (B)-invariant structures.

Notes

We refer to §XV.1 in [Ne00] for a discussion of complex structures on ho-
mogeneous spaces of a Lie group G in the case when G is finite dimensional,
and to Section VI in [Ne04] for the case when G is a Banach-Lie group. An
indication of another proof for Theorem 6.1 can be found in [Ne04]. The idea
is that the needed reasoning from the proof of Theorem 1 in Section 13.4
in [Ki76] works in the infinite-dimensional case as well.

For Example 6.20, see [MS98] and Section 2.4 in [MS97]. (See also Section 3
in [Be02b].)

The concept of complex polarization we introduced in Definition 6.8 actually
extends the classical concept to vector-valued cocycles (see e.g., the last part
of the Introduction of [Be05al). The proof of our Theorem 6.12 is inspired by
the proof of Proposition VI.9 and the comment following it in [Ne04].

We refer to [We80] for a nice introduction to finite-dimensional Kéhler
manifolds. The compact pseudo-Kéhler homogeneous spaces were completely
classified in [DG92]. See also the celebrated paper [DN88] for general finite-
dimensional homogeneous Kéhler manifolds. For further progress in the clas-
sification of compact complex homogeneous spaces, see [Gu02] and [Gu04].
See [Bea83], [Gu94], [Gu9bal, [Gu9bb], and [Bog96] for examples of compact
complex symplectic non-Kéahler manifolds.
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Chapter 7

Equivariant Monotone Operators

Abstract. We firstly introduce the equivariant monotone opera-
tors and discuss some of their basic properties. For instance we
show how such operators arise in the setting of abelian Banach-
Lie algebras and of Heisenberg algebras. We then review a few
facts on H*-algebras and we introduce the closely related notion
of H*-ideal of an involutive Banach algebra. A special attention is
paid to the special case of L*-algebras and L*-ideals, respectively.
We then focus on a key feature of equivariant monotone opera-
tors: namely, we look at them from the point of view of abstract
reproducing kernels. That discussion will eventually lead us to
the deepest properties of equivariant monotone operators, which
we shall investigate in the next chapters. In order to get a better
understanding of H*-ideals, we give a description of H*-ideals of
H*-algebras. This is achieved by using some ideas from the theory
of operator ranges. The chapter concludes by a discussion of some
elementary properties of H*-ideals.

7.1 Definition of equivariant monotone operators

In this section we introduce the equivariant monotone operators associated
with an involutive (in general non-associative) Banach algebra. These opera-
tors will play a critical role for all that follows in the present book. We shall
see in Remark 7.5 how such operators can be built in the simple situation of
abelian separable Banach-Lie algebras. Another simple case (the Heisenberg
algebras) will be dealt with in Remark 7.6.

DEFINITION 7.1 1If g is an involutive Banach algebra over K € {R, C},
then for each f € g# we define f* € g# by f*(a) := f(a*) for every a € g. We
then denote by Homj (g%, g) the set of all continuous linear maps ¢: g# — g

such that for every f € g# we have

147

Copyright © 2006 Taylor & Francis Group, LLC



148 Smooth Homogeneous Structures in Operator Theory
and
(Va € g) Loot=10(Le)* and R0t =10 (Ry-)*

The latter two equalities will be referred to as equivariance properties of ¢.
(We recall that the operators L., R,: g — g are defined by L,b = ab and
R,b = ba whenever a,b € g.)

In the case K = R, we denote by C*(g) the set of all . € Homj (g%, g) such
that 1# = 1 and ¢ is monotone in the sense that

(Vfeg®)  (fuf) =0

The elements of C*(g) will be referred to as equivariant monotone operators.
We also denote

Cf (@) = {1€ CH(g) | Kert = {0},

REMARK 7.2

(a) In the above definition, the property that (f,.(f)) > 0 for all f € g#
is equivalent by the linearity of ¢ to the fact that the inverse of ¢ is a
(multivalent) monotone map in the usual sense in the nonlinear analysis.

(b) Let X be a Banach space over K € {R,C} endowed with a continuous
map X — X, x — x*, such that for every z,y € X and A € K we have

(") =z, (r+y)*=2"+y" and (Ax)" = Az"

Now consider another Banach space ) over K, endowed with a contin-
uous map ) — ), denoted also y — y*, and with similar properties.
Then there exists a natural continuous map

B(%,9) — B(%,9), T—T",
with similar properties; this last map is defined by

VeeX) T (x)=(T("))

for all T € B(X,9)). With this notation, in Definition 7.1 we have (* =
for all . € Homj (g%, g).

REMARK 7.3 Let X be a real Banach space and ¢ € B(X#, X) such that
# = and (f,i(f)) >0 for all f € X#. Then
X xxX* =R, (f.9) = (f,u(9)),

is a symmetric positively semi-definite bilinear form on X#, hence Schwartz’
inequality

(vfag € x#) <f7[’(g)>2 < <fab(f)> ’ <97L(g)>
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holds. This easily implies by the Hahn-Banach theorem that
Ker. = {g € X | (9,1(9)) = 0}.

In particular, we have Ker: = {0} if and only if (f,¢(f)) > 0 whenever
fex#\ {0}.

LEMMA 7.4 Ifg is a real Banach-Lie algebra with involution, then CT(g)
is a closed convex cone in the real Banach space B(g¥,g), and Cj(g) is a
convex cone which is a semigroup ideal of C*(g), i.e., Ci (8) +C*(g) C Cf (g).

PROOF The only fact which is not a direct consequence of the definitions
is that C¢ (g) + C*(g) C CJ (g), but this follows by Remark 7.3.

The following remark says that the cones C*(g) and C; (g) are non-empty
in the simplest case of an abelian canonically involutive separable Banach-Lie
algebra g.

REMARK 7.5 We have 0 € C*(g) by the very definition of C*(g).

On the other hand, if g is an abelian canonically involutive Banach-Lie
algebra whose underlying Banach space is separable, then we can construct
an element of Cj (g) in the following way. Let {a; | 7 > 1} be a countable
dense subset of the unit ball of g and define

= flaj)a; forall f e g#.
J

vt =g )=

j=1

(Note that for every f € g# we have | f(a;)a;|| < ||f|l - llaj||* < ||f] for each

J > 1, hence the series defining ¢(f) is indeed convergent in g.) Then for every
f,g € g7 we have

o0

(a.(0) = 3 5 (@)ala,) = {f.1(a))

Jj=1

hence 1# = 1. The same computation shows that (f,¢(f)) > 0, and (f,i(f)) =
0 if and only if f(a;) = 0 for all j > 1. But the latter condition is equivalent
to f = 0 because the set {a; | j > 1} is dense in the unit ball of g.

The following remark shows that if g is a Heisenberg algebra, then Cj (g) = 0
and CT(g) = Ry - 1o for some ¢g # 0. Other concrete computations of equi-
variant monotone operators will be done later. For example, we show in Exam-
ple 8.23 an algebra g with Cj (g) = () and C*(g) = {0}. See also Corollary 8.21,
Problem 8.37, and the comments following the proof of Corollary 8.27.
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REMARK 7.6 Let V be a real Hilbert space with the scalar product
denoted by (- ]-), ¢: V x V — R a skew-symmetric non-degenerate bounded
bilinear form, and g = h(V, ¢, R) the corresponding Heisenberg algebra. We
have

g=V iR

as an orthogonal sum of real Hilbert spaces, and the bracket of g is defined
by
[(Ula tl)? ('1}2, tQ)] = (07 q(vlv ’U2))

for all (v1,t1), (ve,t2) € g. We check that for the canonically involutive
Banach-Lie algebra g we have Cj (g) = 0.

To this end, let + € CT(g). We perform the usual identifications g% = g
(with the duality pairing given by the scalar product of g) and

Au
s~ {(12) 14 €80 e vrer)
actingon g ="V iR by
Auwy(zy _ ( Az +ru
(v 8) (7‘) o ((v | ) —l—sr)
for all x € V and r € R, and with the multiplication

(Al ul) (Az UQ) _ <A1A2 + (v2 | )ur  Arug + sauq )
V1 S1/ \V2 S2 Afm +s1v2 (v1 | ug) + s1852/°

Since ¢ = 1# € B(g) (according to the identification g# = g), it then follows
that
. (T v)
Tt

for some T € B(V), v € V and ¢t € R.

On the other hand, the properties of the bilinear form ¢ imply that there
exists Q € B(V) such that Q% = —Q, Ker @ = {0} and

(Yvy,v3 € V) q(v1,v2) = (Quy | v2).

Then it is straightforward to check that

VweV Cg) adgw= ( and (adgw)® = (8 Qow).

0 0)
Qw0
Thus the equivariance property of ¢ is equivalent to the fact that for all w € V'

we have - . 00 -
() 69 =(owo) (7
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that is,

(O TQuw ) _ ( 0 0 )
0 (v]Quw) T#Qw (Qu | v)
it follows that

(Vw e V) TQw = 0.

But Ran @ is dense in V (since Q% = —Q and Ker @ = {0}), hence T = 0.
We thus get
0v
L= (v t)

and then it is straightforward to check that the fact that ¢ is monotone is
equivalent to the conditions v =0 and ¢ > 0.

Consequently, the elements of C*(g) are just the nonnegative scalar multi-
ples of the natural projection map

:g=V+R—->R—g.

Since none of these multiples is injective, we have Cj (g) = 0.

7.2 H*-algebras and L*-algebras

We are going to have a look at a special class of involutive Banach algebras,
namely the H*-algebras. The Lie H*-algebras will be called L*-algebras. We
are interested in these algebras since they turn out to play an essential role
in order to understand the structure of much more general involutive Banach
algebras. See the next chapters for more details in this connection.

DEFINITION 7.7 If X is an involutive Banach algebra over K € {R,C},
then we say that X is an H*-algebra if its underlying Banach space is in fact
a Hilbert space over K defined by a scalar product (- | -) such that

(Va,b,c € X) (ab|c)=(b]a"c) = (a]cb").

An L*-algebra is a Lie H*-algebra. A subalgebra of an H*-algebra that is both
topologically closed and closed under the involution is called an H*-subalgebra.
An H*-subalgebra of an L*-algebra is called an L*-subalgebra.

EXAMPLE 7.8 Let H be a complex Hilbert space and Co(H) the ideal
of Hilbert-Schmidt operators on H. Then X = Co(H) with the usual bracket
and scalar product is a complex L*-algebra. This complex L*-algebra is topo-
logically simple if and only if dim H = oo, and in this case it is known as an
L*-algebra of type (A) (see Theorem 7.18 below).
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REMARK 7.9

(a) Unlike the usual definition of an H*-algebra, we include in the definition
the condition that the involution is continuous.

(b) For later use we note that if X is a real H*-algebra such that Ann(X) =
{0}, then for every a € X we have |la|| = ||a*|| (see 1.1.8 in [CMMR94)),
which is equivalent to (a* | b) = (a | b*) for all a,b € X.

REMARK 7.10 If X is a real H*-algebra, then the following assertions
hold.

(a) For every closed ideal J of X the orthogonal complement J= is in turn
a closed ideal of X and X =3 @ J+.

(b) The annihilator Ann(X) is a *-invariant closed ideal of X.

(c) Let P: X — (Ann(X))* be the orthogonal projection. Then (Ann(X))~+
is an H*-algebra with the scalar product inherited from X and the in-
volution defined by x +— P(z*). Moreover Ann((Ann(X))*) = {0}.

We collect in the next statement a number of basic properties of the real
H*-algebras without annihilator.

THEOREM 7.11 Let X be a real H*-algebra with Ann(X) = {0}, and
denote by {X;}icr the set of all nonzero minimal closed ideals of X. Then the
following assertions hold.

(a) We have the Hilbert space orthogonal decomposition X = @@ X;.
iel

(b) All closed ideals of X are x-invariant.

(¢) For every i € I the ideal X; is a topologically simple real H*-algebra
with the scalar product and involution inherited from X.

(d) The linear span of the set {xy | x,y € X} is dense in X.
(e) If7J is a closed ideal of X, then for every D € Der(X) we have D(J) C 7.

PROOF  See Theorem 1 in [CS94], Proposition 2 in [CR87], and Subsec-
tion 1.1.8 in [CMMR94]. I

DEFINITION 7.12 Let g be an involutive Banach algebra over K €
{R,C} and X* one of the symbols H* and L*. An X*-ideal of g is an ideal J
of g such that there exists an X*-algebra X over K and ¢ € Hom* (X%, g) with
Ran ¢ = J. We denote the set of the X*-ideals of g by X*Id(g).
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The following simple remark will play an important role in studying the
H*-ideals.

REMARK 7.13 Note that in Definition 7.12, we may always assume
Kerp = {0} by restricting ¢ to (Ker¢)*. This remark easily implies that
if g is an involutive Banach-Lie algebra over K, then L*Id(g) = H*Id(g).
The same remark implies that if K = R and g is a canonically involutive
Banach-Lie algebra, then the L*-algebra X in Definition 7.12 can be assumed
canonically involutive.

The following lemma, exhibits a connection between the dual D# of a deriva-
tion D of an H*-algebra on one hand, and the map D* defined as in Re-
mark 7.2(b) on the other hand.

LEMMA 7.14 If X is a real H*-algebra with Ann(X) = {0}, then every
D € Der(X) has the property D% = —D*.

PROOF  Use Theorem 2.1 in [CR&5] for the complex-linear extension of D
to the complexification of X.

LEMMA 7.15 Let A and B be real H*-algebras and v: A — B a con-
tinuous *-homomorphism with Ran dense in B. Then for every b € B we
have

(™) Ry = Ry(yp*) and (*) Ly = Ly (pir*),
where Ry, Ly: B — B are defined by Ryz = zb and Lyz = bz for all z € °B.

PROOF For all z,y € A and z € B we have (¢(xy) | 2) = (2y | ¥7(2)
(z | $#(2)5"). On the other hand, ((zy) | 2) = (H@)P() | 2) =
26()") = (x| W*(2(y"))), whence (| 6% (2)y") = (& | ¥# (200(y")).

Since x is arbitrary in 2, it then follows that ¥#(2)y* = ¢¥#(2¢(y")).
By replacing y by y*, we get 4# (2)y = 1* (s4(y)), whence Yy (2)i(y) =
P (21)(y)) for all y € 2A and 2z € B. Since Rant) is dense in B, it then
follows that (y#)Ry, = Ry(1p3p#) for all b € B.

The second of the desired equalities can be proved in a similar manner. I

The next auxiliary fact will play a key role in what follows.

LEMMA 7.16 Let X1 and X2 be real H*-algebras. If both X1 and Xo are
topologically simple, 1» € Hom™ (X1, X2) and Rant < Xo, then either ¢ =0 or
1 is a positive multiple of an isometry of X1 onto Xo. If moreover X1 = Xa,
then 1 is actually an isometry.
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PROOF  First recall that for every a € X2 we denote by L., R, € B(X2)
the maps b — ab and b — ba, respectively.

If we assume that ¥ # 0, then it follows that the closure of Ran is a non-
zero closed ideal of X5, which is invariant under the involution. Hence Ran v
must be dense in X5, according to the hypothesis that X5 is topologically
simple. Since 1 € Hom" (X, g), it then follows by Lemma 7.15 that ¢# (€
B(X2)) commutes with each element of the set {L, | a € X2} U{Rqy | a € X2}
(S B(X%2)).

Consequently, ¥1)# commutes with each element of the set
S = {La | a € :{2} U {Ra | a € :{2} (C B(%2)).

But {0} and X5 are the only closed linear subspaces of X2 which are invariant
to each operator in S, for X5 is topologically simple. Hence Theorem 7.30
shows that there exists A € R such that ¢9)# = Xidx,. Since ¢ # 0, it follows
that A # 0 (actually A > 0), and then Rany = Xs.

On the other hand, Ker+ < X7, hence Ker¢ = {0} in view of the hypoth-
esis that X; is topologically simple. Consequently, v is invertible, and then
the relation ¥p# = Midy, implies that ¢#1) = Aidx,, hence (1/v/A)1) is an
isometry of X; onto X,.

Now assume that X; = X5 and denote

M = sup{|lzyll | 2,y € Xy, [l=]] < 1, [lyll <1} (€ RY).
For all z,y € X1 we have ¢(zy) = ¥ ()¢ (y), hence

VAllzyll = [l (ey)ll < Ml (@) - vy = M - VAl - VAllyl,

whence ||zy|| < M - VA|z| - |ly||. Consequently A > 1. The same reasoning
applied to ¢! instead of 1) shows that A < 1, hence A = 1, and then v is an
isometry.

PROPOSITION 7.17 Let X be a topologically simple real L*-algebra.
Then either the complezification X¢ is topologically simple when viewed as a
real L*-algebra or there exist a topologically simple complex L*-algebra 3 and
a continuous isomorphism v: 3 — X of real Lie algebras.

PROOF Let k: X¢ — X¢, k(xz+iy) = z—iy for all z, y € X and assume that
X¢ is not topologically simple as a real L*-algebra. Then, by Theorem 7.11(a),
it follows that the real L*-algebra X¢ has a closed minimal ideal 3 with
{0} # 3 # X¢. Define p: X¢ — X by p(z) = (¢ + k(2))/2 and denote by
X, the closure of p(3).

Since 3 is a closed ideal of X, it follows at once that X, is a closed ideal of
X. Then Xy = X since X is topologically simple. Now, since x: X¢ — X¢ is an
isomorphism of real Banach-Lie algebras and 3 is a closed minimal ideal of X¢,
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it follows that so is k(3). Hence we have either 3 = x(3) or 3 N x(3) = {0},
and in the latter case 3 L k(3) by Theorem 7.11(a) again.

If 3 = k(3), then p(3) = 3N X is closed in 3, hence p(3) = X in view
of the hypothesis that X is topologically simple. Then we get X¢c = 3, a
contradiction with the way 3 was chosen.

If 3 L x(3), then, by p|3 = (id3 + x|3)/2, it follows at once that p(3) is
closed in X, hence p(3) = X just as above. Then X¢ = 3 + k(3), whence
Xc = 3® k(3). Now define

Pv:3—-X%, ¢Y(z)=z+4k(2).

It follows at once that v is an isomorphism of real Banach-Lie algebras, and
the proof ends.

We now state the classification theorem on topologically simple complex
L*-algebras of infinite dimension.

THEOREM 7.18 For every infinite-dimensional topologically simple com-
plex L*-algebra Xy there exists an infinite-dimensional complex Hilbert space
H such that Xo is isomorphic to a complex L*-algebra of one of the following

types.
(A) X =Cy(H).

(B) X ={A€C(H) | A= —JA*J1} for some conjugate-linear isometry
J: H — H satisfying J? = idy.

(C) xX={AeCH) A= —JA*J1} for some conjugate-linear isometry
J: H — H satisfying J? = —idy.

PROOF  See [CGMY0]. I

We now describe the classification of infinite-dimensional topologically sim-
ple real L*-algebras.

THEOREM 7.19  For every infinite-dimensional topologically simple real
L*-algebra Xo there exists an infinite-dimensional complex Hilbert space H
such that Xo is isomorphic to a real L*-algebra of one of the following types.

(Al) X = {A € C3(H) | JA = AJ} for some conjugate-linear isometry
J: H — H satisfying J? = idy.

(AIl) X = {A € Co(H) | JA = AJ} for some conjugate-linear isometry
J: H — H satisfying J? = —idy.
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(AIIT) Xy ={A € Co(H) | A*U = —UA} for some operator U € B(H) satisfy-
ingU=U*=U"".

(BI) X = {A € Co(H) | A = —J1A*J] JA = ATy} for some conjugate-
linear isometries Jyi, Jo: H — H satisfying J? = J3 = idy and J1Jy =

JoJy.

(BI) X = {A € Co(H) | A= —T1A*J[ Y, JoA = Ay} for some conjugate-
linear isometries Ji, Jo: H — H satisfying J? = idy, Jo = —idy and
J1Jo = JaJq.

(CI) X = {A € C(H) | A= —J1A*J] ', oA = Ay} for some conjugate-
linear isometries Ji,Jo: H — H satisfying J? = —idy, J3 = idy and
J1Jo = JaJ1.

(CI) X = {A € Co(H) | A= —T1A*J{ ', JoA = AJy} for some conjugate-
linear isometries J1, Jo: H — H satisfying J? = J2 = —idy and J1Jo =
JoJ1.

PROOF  See [CGMY0] and [Ba72]. I

We conclude this section with a couple of results on automorphisms of
topologically simple complex L*-algebras. These results will be needed in the
proof of Proposition 8.33.

THEOREM 7.20 Let H be a complex infinite-dimensional Hilbert space
and consider the complex simple L*-algebra £ = Co(H). For every unitary
operator U € B(H) define
Oy: £— L, QU(A) =UAU".
Moreover, for every conjugate-linear bijective isometry J: H — H define
wr: &=L wy(T)=-JT*J "
Then every x-automorphism of £ either is equal to 0y for some unitary op-

erator U € B(H) or is equal to wy for a suitable conjugate-linear bijective
isometry J: H — H.

PROOF  See Theorem 5 at page 1235 in [Ba72]. I

THEOREM 7.21  Assume that Xg is a topologically simple complexr L*-
algebra and H is an infinite-dimensional complex Hilbert space such that
Xy is represented as an L*-subalgebra of Co(H) as in Theorem 7.18 above.
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Then every x-automorphism of the complex L*-algebra Xy extends to a *-
automorphism of the complex L*-algebra Co(H).

PROOF  See Corollary 2 to Theorem 6 at page 1240 in [Ba72] I

COROLLARY 7.22 In the setting of Theorem 7.21, let ¢: X9 — Xo
be a conjugate-linear x-automorphism of Xg, and denote by § the set of all
finite-rank operators on H. Then (FN Xy) C FN Xp.

PROOF Let ¢: Xg — X0, p(A) = —p(A*). Then ¢ is a *-automorphism
of Xy, hence it follows by Theorems 7.20 and 7.21 that we have either ¢ = 0y
or ¢ = wy for suitable U or J. In both cases it is clear that o(FNXy) C FNXo,
whence the desired conclusion follows in view of the construction of ¢.

7.3 Equivariant monotone operators as reproducing
kernels

Throughout this section, ) stands for a real Banach space. According
to Remark A.14(b), we can think of 9 as a canonically involutive abelian
Banach-Lie algebra and we then have

CT () ={ e BQ*,Y) | * =vand (f,u(f)) > 0for all f € P*}.

In particular, when 9) is a real Hilbert space, CT(2)) is just the cone of the
self-adjoint non-negative operators on 2).

The aim of the present section is to study the L*-ideals of the abelian
canonically involutive Banach-Lie algebra ). Each of these ideals is abelian,
hence Remark 7.13 shows that

L*1d(9) = {Z C 9 | there exists a real Hilbert space X and
» € B(%,92) with Ran¢ = J}.
We will describe a connection between the elements of L*Id(9)) and the ones
of C*(Q) (see Proposition 7.23 below).
The following result shows that each monotone operator has a sort of

“square root,” and the Hilbert space constructed here is just the reproducing
kernel Hilbert space associated with a monotone operator.

PROPOSITION 7.23 If . € B(Q%,9), then we have v € CT(9) if and
only if there exists a real Hilbert space X and ¢ € B(X,9) such that

LZSDO@#.
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(The operator ¢ can be chosen with Ker ¢ = {0}.) If this is the case, then the
linear subspace Ker ¥ of Q% depends only on v, actually

Ker ¢ = Ker;
also the linear subspace Rany of ) depends only on ¢ and we denote

Ranp =: ®(1).

PROOF  1° If there exist X and ¢ as indicated such that = @ o #, then
for all f,g € 9 we have

(f,ul9)) = (0™ () = (™ (/) | ©7(9))

hence, since the scalar product (- | -)x of X is symmetric, we get (f,t(g)) =
(g,1(f)). Consequently ¢ = (#. The same computation shows that for all
f €D we have

(f, o) = lle™(H)llx > 0.
This shows that ¢ € C*(2)), and also that Ker: = Ker ¢# (see Remark 7.3, or

relation (7.3) below).
2° Conversely, assume that ¢« € CT(2)). Recall from Remark 7.3 the bilinear

form
D x9* =R, (f,9)— (f1(9)), (7.1)
for which we used Schwartz’ inequality
(Vf,9€D%)  (f,u9))? < (Fre(f)) - {9, 1(9)) (7.2)
in order to deduce that
Kert = {g € 9% | (9,u(9)) = 0}. (7.3)

It follows by (7.3) that the bilinear form (7.1) induces a real scalar product on
7 /Ker . Let X be the Hilbert space obtained as the completion of Y# /Ker ¢
with respect to that scalar product, and denote by

n: P* /Kerr — X
the corresponding inclusion map. Also denote by
7 PF — P /Kers
the projection map, and by
go: ¥ [Kert — 9

the map induced by ¢: 9# — 9. In particular, ¢ = @ o 7.
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For g € 9P#, Schwartz’ inequality (7.2) implies that

(Vf €)1 < N2 11 Iln(r(9)) |2

whence, by the Hahn-Banach theorem, ||¢(g)|| < [|¢|*/2 - [|n(7(g))|x. It then
follows that for each g € 9# we have ||po(7(g))|| < [|e||*/? - |n(7(g))| %, that
is,

(Vo € 9#/Kers)  [lpo(0)]| < [lell"? - ()| x-

Consequently, g extends to a bounded linear map from X into ). More
precisely, there exists a unique ¢ € B(X,9)) such that ¢ on = ¢g (and ||¢|| <
|¢[|*/2). Since ¢ = @g o 7, we also deduce that

ponom=uL. (7.4)
Hence, to prove the equality ¢ o p# = 1, we have to check that
SD# =n O Tr.
To this end, take f,g € P# arbitrary. We then have

((nom)(f) | (nom)(9)x = ((x(f)) | n(n(9))) 5
= (f,u(9))

= (fre((nom)(9)))

= (@*(f) | (nom)(9)) 1,
where the third equality is a consequence of (7.4)). Since {(nom)(g) | g € D¥}
(= Rann) is a dense subset of X, it then follows that o#(f) = (no7)(f), as

desired. Also note that
Ker ¢ = (Ran p#)* = (Ran (non))* = {0}.

3° Finally, let X; be a real Hilbert space and ¢; € B(X;,2) such that
L=;o0 cp;# for j = 1,2. We are going to show that Ran; = Ranys (C Q).
To this end, first note that, as at the stage 1° of the proof, we have

Vf€D#) (f,uD)) = et (NIE, = e (N, (7.5)

and
Ker: = Ker o7 = Ker 7. (7.6)

It follows by (7.5) that the map Ran? — Ran ¥, o7 (f) — o (f), is well
defined and extends to a unitary operator

U: Rangaql‘iﬁ — Rangof.

1
Next note that Ran gpf = Ker ¢, hence

Rang; = ¢; (Rang?)  for j=1,2. (7.7)
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For every f € 9%, we have ¢1(#] (f)) = ¢2(#F (f)) (= u(f)), hence

-1
olU = —— and oU™" = .
#2 #1 |Ran gof& #1 #2 |Ran<p§£

Now (7.7) implies at once that Ran¢; = Ran o, as desired. I

In the remainder of the present section, we are concerned with some basic
properties of the surjective map

®: CH(Y) — L*1d(D)
constructed in Proposition 7.23 above.

REMARK 7.24 For every ¢ € CT(9), we have Rant C ®(¢), and this
inclusion can be strict (as the case when 9) is a Hilbert space shows).

REMARK 7.25 For later use, we now state an inequality obtained at the
stage 2° in the proof of Proposition 7.23: if ) is a real Banach space, then
for each ¢ € C*(9) we have

(Vg €D%)  lu@I® < llell - (g, (9))-

More generally, if A denotes the complexification of ) and a — a stands for
the conjugation of A whose fized points are the elements of %), then

(Yw e A Jo(w)|® < o - (w, o(w)). (7.8)

This inequality can be obtained just as the above one, by making use of
Schwartz’ inequality for the non-negative hermitian form

A7 x A* — C, (v,w)— <’0,@>7
to deduce that
(Vo,w € ) [(v, e(w))* < (v,0(0)) - (w, e(w)) < [lel] - [[o]* - (w, (w)).

(Recall that ||a|| = ||a|| for all a € A; cf. Notation A.11.) It then follows by
the Hahn-Banach theorem that inequality (7.8) holds.

It is clear that for all © € C*(9)) and A > 0 we have At € CT(2) and

®(1) = P(Ae), hence @ is by no means injective. In order to study “how
non-injective” @ is, we first show that it is in some sense non-increasing.

PROPOSITION 7.26  If 11,15 € CT(Q), then the following assertions are
equivalent:
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(i) We have ®(11) C ®(i2).
(i) There exists X > 0 such that \ia € 1 +C1 ().

PROOF For j = 1,2, let X, be a real Hilbert space and ¢; € B(%X;,9)
with
@; o go}# =1; and Rany; = ®(y)

(cf. Proposition 7.23). As in Remark 7.13, we may assume that Ker ¢; = {0}
for 5 = 1,2. With these preparations, we now begin to prove the desired
equivalence.
“1) = (11)” If ®(11) € P(t2), that is, Rang; C Ran s, then
Y= opy: Xy — X

is a closed operator, hence it is continuous by the closed graph theorem. Next
note that

proY = 2,
whence ¢# o 7 = ¥ . Consequently, 1 0thop# 0 ¥ = @y0 ¥ = 15. Then
for every f € 9# we have
(Fraal0)) = {F, (o1 0w 0w# 0 G)(1))
= (W o)) | W* 0 0] )(f)) 2
= WU,
<I#1- et (DI,
= WP (T (F) | T (F)) 2
= [0#12 - {f, 1 (7 (1))
= [*12 - (f, e (),

hence the assertion (ii) holds with A = 1/||s)#||2.
“(i) < (ii)” If the assertion (ii) holds, then we have A{f,2(f)) > (f,t1(f))
for all f € Y#. Since 1; = p; 07 for j = 1,2, it follows that

2

1

VFeD®)  Nef (NIF, <A 1eF (N3,
Hence the linear map
Rane] — Ranel, of (f) — o (f),

is well defined and continuous. We extend it by continuity to the closure of
Ran gof, and then to a linear operator § € B(%X1, X2) vanishing on (Ran cp?)l-.
Then 6 o @f = @f, whence

p1 = @3 0 6%,
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This relation shows that Ran ¢y C Ran s, that is, ®(1) C ®(u2). I

COROLLARY 7.27 If 1,12 € CT (D), then the following assertions hold.
(a) We have ®(11) C ®(e2) if and only if

RY -1 CRY -0 +CT (D).

(b) The equality ®(11) = ®(12) holds if and only if there exist A\, u > 0 such
that

VfeD®)  Mfalf) < (felf) < ulf,ulf).

PROOF  Just use Proposition 7.26. I

We now prove an additivity property of our map ®: C*(Q)) — L*Id(Q).

PROPOSITION 7.28 We have
D(e1 +12) = (1) + 2(2) (€ D)
for all v1,12 € CH(Q).
PROOF For j = 1,2, let X be a real Hilbert space and ¢, € B(%X;,9) with

@j o gpf = ¢; and Rany; = ®(¢;), according to Proposition 7.23. Consider
the Hilbert space direct sum

X=X %,
and define ¢ € B(X,9) by
o(r1,72) = p1(z1) + p2(T2)

for all z1 € X1 and x5 € X5. Then it is easy to check that the dual operator
©” € B(P#,X) is defined by

for all f € 7. Consequently
pop* =propl +pa0pf =+,
whence
®(11 + 12) = Ranp = Ran 1 + Ran gy = ®(11) + D(12),

and the proof ends. I
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The following result is meant as a characterization of the cone Cj (2) (=
{t €C*(Y) | Kerv = {0}}; see Definition 7.1) in terms of the map .

PROPOSITION 7.29 If 1 € CY(2), then the following assertions are
equivalent.

(i) We have 1 € C{ ().
(ii) The linear subspace (1) is dense in Q).
PROOF Let X be a real Hilbert space and ¢ € B(X,9) with Kerp =

{0}, ¢t = pop# and Rant = ®(:). We then have Ker: = Ker p# (see
Proposition 7.23) and moreover

Kerg# = (Rang)" (S D%).

Consequently
(@(1)" =Kere (C9%),

which at once implies the desired conclusion. I

7.4 H*-ideals of H*-algebras

Our aim in this section is to determine the set H*Id(g) of all H*-ideals
of an arbitrary real H*-algebra g. To this end, we need the following result
concerning real Hilbert spaces.

THEOREM 7.30 Let X be a real Hilbert space and S C B(X) such that
{0} and X are the only closed linear subspaces of X which are invariant to all
operators in S. If A € B(X), A= A%, and A commutes with each element of
S, then A is a real scalar multiple of the identity operator on X.

PROOF Use e.g., the method of proof of Theorem 3.11 in the Appendix
of [La01].

Using Lemma 7.16, we can now determine the H*-ideals of a topologically
simple H*-algebra.

PROPOSITION 7.31 If g is a topologically simple real H*-algebra, then

H*1d(g) = {{0}, g}.
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PROOF Let X be areal H*-algebra and 0 #Z ¢ € Hom" (X, g) with Ran ¢ <
g. What we have to prove is that Ranyp = g.

Replacing ¢ by ¢[(ker )1, We may assume that Ker ¢ = {0}. Furthermore
the closure of Ran ¢ is a closed ideal of g, which is moreover closed under the
involution. Since g is topologically simple, it then follows that Ran ¢ is dense
in g.

Now let us assume that the real H*-algebra X is not topologically simple.
Then there exist some closed self-adjoint ideals X1, X5 of X with X; # {0} #
X5 and X5 - X9 = {0} (see Remark 7.10(a) above). Then ¢(%X1) - p(X2) = {0}.
In particular,

o(X1) # g

(Otherwise we get ¢(X2) C Ann(g). Since g is topologically simple we have
Ann(g) = {0}, whence {0} # X5 C Ker ¢, thus contradicting the assumption
Ker¢ = {0}.)

Next note that since X; is an ideal of X, we have X; - X C X, hence
©(X1) - p(X) € o(X1). Then ¢(X;) - p(X) C ¢(X1). Since we have seen
above that ¢(X) = g, we get ©(¥1) - g C p(*1). Similarly, g- ¢(X1) C p(*1),
hence p(X;) is a closed proper self-adjoint ideal of g, thus contradicting the
hypothesis.

Consequently, X is topologically simple, and then Ran ¢ = g according to
Lemma 7.16.

REMARK 7.32 For later use, we note the following fact which can be
proved by means of an argument in the proof of Proposition 7.31 above: If g is
a real involutive Banach-Lie algebra, X is a real H*-algebra, ¢ € Hom* (X, g),
Kerp = {0}, Rang is a dense ideal of g, and X, stands for a proper closed
self-adjoint ideal of X, then (X1) is a proper closed self-adjoint ideal of g.

Before proceeding with the general result on H*-ideals of an H*-algebra (see
Theorem 7.34 below), let us recall the following simple fact (see the beginning
of Section 7.3).

REMARK 7.33 If g is a real involutive Banach algebra with g-g = {0}
then H*Id(g) = L*Id(g), and the latter set consists of all linear subspaces
J C g such that J is closed under the involution and there exist a real Hilbert
space X and ¢ € B(X,g) with Ranp = 7.

Now we are ready to prove the main result of the present section.

THEOREM 7.34 Ifg is a real H*-algebra and {g;}ics is the family of all
minimal closed self-adjoint ideals of g with g; N Ann(g) = {0} for each i € I,
then J € H*Id(g) if and only if there exist 3o € H*1d(Ann(g)), J C I, and a
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bounded family {M,}icr of positive numbers such that

Jo = {afo + ZZ‘Z | xo € Jo; (VZ S J) x; € ¢ and Z(I/MZ)2||$1H2 < OO}
i€J i€J

PROOF The proof has several stages.
1° To begin with, let us recall that, denoting Ann(g) = go and Iy = IL{0},

we have
s=Pu (7.9)
i€l

as a Hilbert space direct sum, with g; - g; = {0} whenever i,j € Iy and ¢ # j
(see Remark 7.10 and Theorem 7.11(a) above).

Now take J € H*Id(g) arbitrary. Then there exists a real H*-algebra X
and ¢ € Hom*(X, g) with Ker = {0} and Ranp = 7.

2° We show at this stage that if ¢ € I and g; N J # {0}, then g; C J. Since
Ker ¢ = {0}, the fact that g; N J # {0} is equivalent to

X = Ng) # {0}

Note that %; is a closed self-adjoint ideal of X, because ¢ € Hom* (X, g) and
g; is a closed self-adjoint ideal of g. We then have

i = plx, € Hom" (%;, g;)

and thus Ran ¢; is a non-zero H*-ideal of g;, that is, {0} # g;NJT € H*1d(g,).
Since g; is a topologically simple real H*-algebra, Proposition 7.31 implies
that we have g; N J = g;, hence g; C J, as claimed.

3° Let z € J. According to (7.9), for each i € Iy there exists x; € g; such

that
x = Z Z; (7.10)

(the sum being convergent in g). Let ig € I be arbitrary such that 3N g;, =
{0}. Since both J and g;, are ideals, we get J-g;, C JNg;, = {0}. In particular,
x - gi; = {0}. Since for every i € Iy \ {ig} we have z; - g;, € ¢i - i, = {0}, it
then follows by (7.10) that z;, - g;, = {0}. Similarly g;, - z;, = {0} and thus
21, € Ann(gy,) = {0},

Consequently, for each i € I, if we have x; # 0 in (7.10), then g; N 7T # {0}.
In such a case, we have g; C J according to the stage 2° of the proof, hence
x; € 7.

4° Let

J:={iel|g CT}.

For each ¢ € J we have by stage 2° the isomorphism of topologically simple
H*-algebras ¢;: X; — g;, hence Lemma 7.16 shows that there exists M; > 0
such that (1/M;)p; is an isometry. Then for every i € J we have

M; = lell < llell,
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hence the family of positive numbers {M;};e; is bounded.
5° Now observe that, denoting by Xy the orthogonal complement in X of
the closed subspace generated by |J X;, we have
ieJ
x=%e@x.
ieJ
Take x € X, denote y = ¢~ 1(x) € X and for every i € Jy := JU{0} let y; € X;
with y = 3 ;. Then
i€Jo
z=oy) =) o)
ieJo
and for each ¢ € Jy we have ¢(y;) € g;. But « can be uniquely written under
the form (7.10), hence z; = p(y;) for each i € Jy. In particular xyp € Rany =
J, hence zp € 3N Ann(g) =: Jp € H*Id(Ann(g)).
On the other hand,

1\2 1\2
S () il = 2 (5 ) el = X sl < ol < oo
ieJ ‘ ieJ ¢ ieJ

Conversely, if {x;};c; is a family of vectors in g with z; € g; for each i € J
and Y (1/M;)?||xi]|? < oo, we take y; := ¢~ !(x;) € X;, and then y; L v,

icJ
whenever i # j. By the above computation we have Y ||y;]|> < oo, hence
i€J
> yi =: 4y is convergent in X. Then Y z; = p(y) € Ranp = 7.
i€J i€t

6° Now assume that J has the desired form for some Jy € H*Id(Ann(g)),
J C I and {M,};cs as indicated in the statement of the theorem. Let Xo be a
real H*-algebra and ¢y € Hom™*(Xy, g) with Ker oo = {0} and Ran ¢y = Jo.
We let

Jo = Ju {0}
and define
x={o=@en € [T 2Ll = ool + 3 (/M 2l < o0
i€Jo i€J
and
p: X —g, @((xi)ieJo) =0+ zwi
icJ
Note that the last sum is convergent in g because M := sup M; < co. Also,
ieJ
(vre ) le@I? = ol + 3 lleil* < max(M?, 1) ],

icJ

hence ¢ € B(X,g). It is easy to check that X is in fact an H*-algebra (with
the multiplication and the involution defined pointwise), ¢ € Hom™* (%, g), and
Ran ¢ = 7, hence J € H*Id(g).
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7.5 Elementary properties of H*-ideals

We will develop in Chapter 8 a method to study the L*-ideals of real involu-
tive Banach-Lie algebras by means of equivariant monotone operators. Before
constructing that machinery, it is worth knowing what properties of the L*-
ideals can be obtained by elementary means, that is to say, by arguments
involving the L*-ideals in a direct way. It turns out that the corresponding
reasonings make no special use of the Lie algebra structure, and that is the
reason why we formulate them in natural generality, for arbitrary algebras,
thus preserving one moment more the “arbitrarily non-associative” flavor of
the previous section.

PROPOSITION 7.35 Ifg is a real involutive Banach algebra and X* is
either of the symbols L* and H*, then for every 31,32 € X*Id(g) we have
J1NJg € X*Id(g).

PROOF For j = 1,2, let X; be a real X*-algebra and ¢; € Hom"(%;, g)
such that Ker ¢; = {0} and Rany; =J,. Denote

X=p'(01NnT%) (CX)
and define

X=Xy, =95 o(p1])
Moreover, endow X with the scalar product defined by

(Vr,yeX)  (z]lyx=(v]y)x, + @) V(Y))x,

Since both ¢; and o are continuous, it follows that v is a closed operator.
This implies that X is a real Hilbert space with the above defined scalar
product. Furthermore, since J; NJs is a self-adjoint subalgebra of g, it follows
that X (= ¢ (31 N Jz)) is in turn a self-adjoint subalgebra of X».

Now note that for every x,y,z € X we have

(zy | 2)x = (zy | 2)z, + (W(2y) | ¥(2))x,
= (zy [ 2)z, + (@)Y (y) | P(2))x,
=W l2"2)x, + (@) [ Y(2)"P(2))x,
=W la"2)x, + @) [ ¥(2"2))x,
=y

| 2%2)x
and similarly (zy | 2)x = (x| zy™)x. Also,

1% = lle"I1%, + v (@)%,
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hence the involution of X is continuous. Consequently, X is a real H*-algebra.
(Recall Remark 7.9(a).) Moreover, the inclusion map 7n: X — ¥; belongs to
Hom™ (X, %;). (Note that since 7 is injective, if X; is a Lie algebra, then X is
in turn a Lie algebra.)

Now ¢1 on € Hom" (X, g) and Ran (¢1 o) = J; N T2 < g, hence the proof
ends.

REMARK 7.36 For later use, let us state the following by-product of the
proof of Proposition 7.35: Let g be a real involutive Banach algebra, X* be
either of the symbols L* and H*, 3 € X*1d(g), X a real X*-algebra and ¢ €
Hom"(X,g) with Kerp = {0} and Ranyp = J. Then for every J € X*1d(g)
we have p~1(J) € X*1d(X).

REMARK 7.37 The preceding Proposition 7.35 is the version in the
present framework of the fact that the intersection of two operator ranges
in a complex Hilbert space is again an operator range (see Corollary 2 to
Theorem 2.2 in [FW71]).

THEOREM 7.38 If g is a topologically simple involutive real Banach
algebra, then it has at most one non-zero H*-ideal. If such an ideal exists,
then it is dense in g.

PROOF  Assume that we have J1,7o € H*Id(g) with J; # {0} # J2. For
Jj=1,2,1et X; be a real H*-algebra and

¢; € Hom™ (X}, g)

with Ker p; = {0} and Ran¢; = J;. Since the closure of J; is a closed self-
adjoint non-zero ideal of g, while g is topologically simple, we must have J;
dense in g for 7 = 1,2. Then, using once again the fact that g is topologically
simple, it follows by Remark 7.32 that each of the H*-algebras X; and X is
topologically simple.

Now note that since both J; and Jy are dense in g, we cannot have J; N
Jo = {0}. Indeed, if the latter relation holds, then J; - Jo C J; N Jy = {0},
hence g - g = {0}, thus contradicting the fact that g is topologically simple.
Consequently J;NJg # {0}, that is, =1 (Ja) # {0}. But ¢~1(Js) € H*1d(X;)
by the above Remark 7.36, and we have seen that X; is topologically simple,
hence Proposition 7.31 shows that we must have go_l(jg) = X1, that is, J; C
Js.

We can similarly show that Jo C J1, hence J; = Js, and the proof ends. 1

EXAMPLE 7.39 For an infinite-dimensional complex Hilbert space $)
and 1 < p < o0, let u, be the canonically involutive Banach-Lie algebra of all
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skew-adjoint operators belonging to the Schatten ideal C,($)), where Coo($)
stands for the set of all compact operators on $).
For p > 2 we have
us C Up,

and it follows by the above Theorem 7.38 and Remark 7.13 that us is the only
non-zero L*-ideal of u,. That is,

L*1d(u,) = {{0},uz} whenever 2 < p < oo.

Recall that the real Banach-Lie algebra u, is topologically simple for 1 < p <
0o. (In this connection, see e.g., Proposition II.8 at page 92 in [dIH72].)

See also Example 8.12 and Example 8.23 for further discussion on the above
Example 7.39.

Notes

The equivariant monotone operators were introduced in [Be03]; compare
also hypotheses 2° and 5° in Section 2 of [Be05a].

A good survey of the theory of H*-algebras can be found in Section 1
of [CMMR94]. The L*-algebras were introduced in the papers [Sch60] and
[Sch61]. For the classification of L*-algebras see e.g., [Ba72] and [CGM90].
See also the book [dIHT72] for more information on the role of L*-algebras in
operator theory.

A version of the preceding Proposition 7.23 where %) is a complex Hilbert
space can be found in Theorem 3.1 in [GGO04]. (See also Proposition 10 on
page 154 in [Scw64].) We note that in the case when 9) has a structure of
complex Banach space, the cone C*(2)) clearly contains the cone £1(Q)) of
non-negative reproducing kernels on 9) (see page 141 in [Scw64]).

It is also worth mentioning that a similar structure occurs in the theory of
abstract Wiener spaces, with the additional assumption that the operator ¢
is absolutely 2-summable. (See e.g., either §1 in Chapter 1 in [BIDa90], or
[Kuo75], or page 3 in [dIH72].)

Proposition 7.26 is suggested by Theorem 2.1 in [FW71] (see also Proposi-
tion 13 on page 160 in [Scw64]), while Proposition 7.28 is a version of Theo-
rem 2.2 in [FW71] (see also Proposition 12 on page 160 in [Scw64]).

The characterization of the H*-ideals of an H*-algebra, as given in the
above Theorem 7.34, is similar to the one of the operator ranges in a complex
Hilbert space given by condition (5) in Theorem 1.1 in [FW71]. The reason-
ing used in stage 3° of the proof of Theorem 7.34 is classical; see e.g., the
proof of Proposition 2.9 in [Va72]. The preceding Lemma 7.16 is a version of
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Corollary 3.5 in [CR85] for real H*-algebras. A similar comment can be made
on the preceding Proposition 7.31 versus Theorem 3.1 in [CR85].
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Chapter 8

L*-ideals and Equivariant Monotone
Operators

Abstract. In this chapter we investigate the close connection
that exists between the equivariant monotone operators and the
L*-ideals of a real involutive Banach-Lie algebra. Actually this
is a special instance of the correspondence between abstract re-
producing kernels and reproducing kernel Hilbert spaces. In the
present setting, it is fairly easy to show that if the reproducing ker-
nel Hilbert space is actually an L*-ideal of a Banach-Lie algebra,
then the corresponding abstract reproducing kernel is an equiv-
ariant monotone operator. Conversely, it is much harder to build
the structure of L*-algebra out of an equivariant monotone oper-
ator. After accomplishing this task, we proceed to a systematic
investigation of L*-ideals. We thus single out the class of ade-
quate algebras, which are involutive Banach-Lie algebras whose
L*-ideals all come from equivariant monotone operators. We then
show that L*-ideals allow us to construct Hilbert space representa-
tions of automorphism groups of topologically simple Banach-Lie
algebras. The chapter concludes by an application of L*-ideals to
enlargibility questions.

8.1 From ideals to operators

In the following we use the notation C*(g) from Definition 7.1. The follow-
ing result shows that, to an L*-ideal of a real involutive Banach-Lie algebra,
one can “often” associate in a natural way an equivariant monotone operator.

PROPOSITION 8.1 Let g be a real involutive Banach-Lie algebra. Con-
sider a real L*-algebra X and ¢ € Hom™ (X, g) with Ker ¢ = {0} and

J:=Ranyp d g,

and assume that one of the following conditions holds:

171
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(i) the center of J reduces to {0};
(ii) J is dense in g and the involution of X is isometric; or
(iii) J is contained in the center of g and the involution of X is isometric.

Then for the operator
Li=popTigh - g

we have 1 € CT(g).

PROOF  According to Proposition 7.23, we have :# = 1 and (f,¢(f)) > 0
for all f € g7. In view of Definition 7.1, what remains to be proved is that if
one of the conditions (i)—(iii) holds, then

1 € Hom} (g%, g). (8.1)
First note that since ¢ € Hom* (X, g), we have for every f € g# and = € X,
(" () [ 2) g = (F*,0(@)) = (fr0(2)") = (f,0(@)) = (" (f) | 2%), (8:2)
Then for all g € g#,
(g,0(f*)) = (g, (™ () = (¢* (@) | " (F)) 2 = (7 (9)* | €* () &
where the latter equality follows by (8.2). On the other hand,

(9,0(f)") = (9. 0(@® (1)) = (#"(9) | (¢ ())") o

Since the involution of X is in all cases isometric (in the case (i), this follows
by Remark 7.9(b)), we get (g, ¢(f*)) = (g,c(f)*) for all f,g € g#. The Hahn-
Banach theorem then implies that

(Vfeg®) uf)=uf).

Consequently, to complete the proof of (8.1), it remains to check that for each
a € g we have
(adga) ot = 1 o (adga™)#. (8.3)

To this end, first use Lemma A.16 to deduce that there exists a homomorphism
of Banach-Lie algebras p: g — Der(X) such that

(Vaeg) (adga)op =wpop(a) (8.4)
Consequently, for all a € g we have p(a*)# o p# = p# o (adga*)#, hence
Lo (adga®)# = po ¥ o (adga™)* = o p(a*)* o p¥. (8.5)
On the other hand, we have by (8.4)

(adga) o v = (adga) o g o ¥ = p o p(a) o p¥. (8.6)
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Thus, relation (8.3) will follow by (8.5) and (8.6) as soon as we prove that

(Vacg)  pla)* =pla®). (8.7)

To prove this fact, first note that for every a € g and x € X we have

p(p(a) ) = p((p(a)z”)") = (p(p(a)z™))" = ((adga)(p(z7)))"
= ((adga)(p(2)"))" = [a, p(2)"]" = =[a", ()]

= —((adga®) 0 p)(x) = —p(p(a”)z)

(8.

where both the third and the last equalities follow by
we get

4). Since Ker ¢ = {0},

(Vaeg) pla)” =—p(a’) (8.8)

(see Remark 7.2(b) for the way p(a)* is defined).

Now let us consider the conditions (i), (ii), and (iii) separately.

(1) If the center of J is {0} then, since Ker ¢ = {0}, the center of X must be
{0}. Lemma 7.14 then implies that for each a € g we have p(a)* = —p(a)*
which, by (8.8), implies (8.7).

(ii) Now assume that J is dense in g and the involution of X is isometric.
Note that for all z € X we have po(adxz) = (adg(p(z)))op, because p: X — g
is a Lie algebra homomorphism. Then (8.4) implies that ¢ o (adxx) = @ o
p(p(x)) for all x € X. Since Ker ¢ = {0}, we deduce that

(Vz € X) plp(z)) = adxx. (8.9)
On the other hand, since X is an L*-algebra, we have
(adxz)? = adxz™

for all z € X. But ¢ € Hom™(X,g), hence it follows by (8.9) that for a =
o(z) € J we have p(a)” = p(a*). Since J is dense in g, we deduce that
p(a)? = p(a*) for all a € g, which is just (8.7).

(iii) If 7 is contained in the center of g, then p(a) = 0 for each a € g, hence
(8.7) holds trivially.

REMARK 8.2 For later use, let us state the following by-product of the
proof of Proposition 8.1 (see (8.7)). Let g be a real involutive Banach-Lie
algebra, X a real L*-algebra, and ¢ € Hom™ (X, g) such that Kero = {0},
Ran < g, and either the center of X reduces to {0} or Rany is dense in g.
Consider the representation p: g — Der(X) such that (adga) o ¢ = ¢ o p(a)
for all a € g. Then we have

p(a)* = p(a*)

for all a € g. (Note that the involution of X is isometric according to Re-
mark 7.9(b).)
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8.2 From operators to ideals

We now reverse what we have previously done. More specifically, we show
how one can use the equivariant monotone operators in order to construct
L*-ideals. The main result in this connection is contained in Theorem 8.8.

NOTATION 8.3 Until the end of the present section, g stands for a real
involutive Banach-Lie algebra, and 2 denotes the complex Banach-Lie algebra
which is the complexification of g. Then 2 comes with two involutions: one
of them, denoted by

a— a,

is the unique involution of 2 whose set of fixed points is just g; this involution
is isometric according to the convention of Notation A.11 concerning the norm
of the complexification. The other involution of 2, denoted by

a—a*

is the unique extension of the involution of g to an involution of the complex
Banach-Lie algebra 21. When we say that 2 is a complex involutive Banach-
Lie algebra, we think of 2l endowed with the involution a — a*.
We always denote by the same symbol both a linear map between real vector
spaces and its complex-linear extension between the complexified spaces.
We pick
L€ C*(g)

and use the notation in the stage 2° of the proof of Proposition 7.23 (with 2
replaced by g). More precisely, there exists on g /Ker ¢ a real scalar product
defined by

(Vfgeg®)  (n(f)|n(9)) = (f,(9)),

where 7: g% — g” /Ker: is the natural projection. Then X stands for the
real Hilbert space obtained as the completion of g# /Ker: with respect to
that scalar product, and n: g# /Kert — X denotes the natural inclusion map.
Moreover, ¢ induces an operator ¢ € B(X, g) such that Ker o = {0}, p# = non
and © = @ o .

A symbol which did not appear in the proof of Proposition 7.23, and which
we introduce just now, is

£,

by which we denote the complex Hilbert space obtained by complexifying X.

We now prove a key fact.
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LEMMA 8.4 Let o € B(g) such that for some € € {—1,1} we have
aor=c-roa”. (8.10)
Then there exists a unique operator p, € B(X) such that

pt =& Pay HpaH S Ha”

and the diagram
g# nom x

o* | =

g# nom x

18 commutative.

PROOF First note that the uniqueness of a continuous operator p, which
makes the above diagram commutative follows by the fact that Ran 7 is dense
in X. Next, by repeatedly making use of Schwartz’ inequality (see e.g., Re-
mark 7.3) and of (8.10), we get for each f € g*

| () el ()))]
= (£, o((@®)*())]
< (D2 (@2 (f), (@) F (1)) /2
= [, o2 | (@) ()M
< [ (P AFAD (@ # (), (0 ()4
< (f, ()| FAI D Q2D (02

whence
(@ (), (@ (I < 1F O == 12 2 a2 a2
for every n > 2. Letting n — oo, we get
Vfeg®) [P () la® (M < el - [(f ()] (8.11)

On the other hand, it follows by (8.10) that Ker¢ is invariant to o, and thus
there exists pO € B(g# /Ker:) with p? o m = 7 o a®. Then (8.11) reads

(vfeg®)  lphmNIE < llal?- In(Hl%

(see the above Notation 8.3), hence p? extends to a bounded linear operator on
X. More precisely, there exists p, € B(X) with ||pa|| < ||| and paon = nop?,
whence

pao(nom)=noplom=(nom)oak.

Copyright © 2006 Taylor & Francis Group, LLC



176 Smooth Homogeneous Structures in Operator Theory
It only remained to check that

Pl = epa-

Since p, is bounded on X, it suffices to show that for all 1,29 € Ran (o)
we have

(pa(@1) | 22) = (21 | palz2))-
Let f1, fo € g such that 2; = n(n(f;)) for j = 1,2. Then

(pa(21) | 2) = (¥ (f1),0(f2)) = (fr. a(u(f2))) = e(f1, (¥ (f2)))
= e(z1 | pa(r2))

where the third equality follows by (8.10). The proof is finished. I
REMARK 8.5 In the framework of the above Lemma 8.4, we also have a

commutative diagram

Q# 1T,

o | |
Q# nom

of the complexified spaces.

PROPOSITION 8.6 There exists a uniquely determined, continuous *-
representation p: g — B(X) such that, for every a € g, the diagram
X —“— g

p(a)l ladga

15 commutative.

PROOF First note that each a € g can be uniquely written as
a=ay+a_ with a}f =+ay
(namely ay = (a + a*)/2) and
lax]l < Mlla|

with some M > 0 independent on a, because the involution of g is continuous.
Since + € Hom(g#,g), we then have

(adgag) o v = to (adga} )* = +r0 (adgas)?
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and then Lemma 8.4 shows that there exist paq,q. € B(X) with

Padgar © (7] o 7T) = (77 © 7T) © (adgai)#
and
(padgai )# = ipadgai .
We define
pla) = Padgay T Padga_ (E B(%))
Since a* = a4 — a_, it follows that
pla*) = pla)*. (8.12)

Also, according to Lemma 8.4, we have

(@)l < llpadgay | + [lpadga_ || < [ladgar|| + [ladga—|| < [ladg[([la+]| + [la—]),

whence
[p(a)]| < 2M|al. (8.13)

Next note that

popla)o(nom) =po(nom) o (adga”)* = pop* o (adga®)*
=10 (adga*)¥ = (adga) ot = (adga) o p o (nom).
Since Ran (n o m) is dense in X, it follows that

popla) = (adga) o . (8.14)

Now, since the map p: g — B(X) is clearly linear, it follows by (8.12)—(8.14)
that in order to prove that p is a bounded *-representation, it only remains
to check that for all a,b € g we have

plla,b)) = [p(a), p(b))- (8.15)
To this end, note that (8.14) (or Lemma 8.4) implies that

(Vacg)  pla)*o(om)=(gom)o(adga)¥.
It then follows by (8.12) that

(Vacg)  pla)o(nom) = (nom)o(adga”).

Since
g— B(g#), a (adga*)#,

is a representation, it then follows that equality (8.15) holds on Ran (1 o 7).
But the latter space is dense in X, hence (8.15) is completely proved.
Finally, the uniqueness of p follows by the fact that Ker p = {0}. I
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REMARK 8.7 1t follows by the above Proposition 8.6 that there exists a
bounded *-representation
p: A — B(L)

such that for every a € 2 the diagram of the complexified spaces

RN

”(“)J ladma

e %

is commutative.

We now come to one of the main results of the present chapter.

THEOREM 8.8 Assume that p: g — B(X) is the bounded x-representation
from Proposition 8.6. Then the real Hilbert space X has a unique structure
of real L*-algebra with isometric involution such that ¢ € Hom"(X,g). The
corresponding bracket on X has the property

(Va2 € X)) [z1,22] = (p(p(21))) (22). (8.16)
Moreover, Ran ¢ < g and Ran p C Der(X).

PROOF The proof has several stages.
1° By Proposition 8.6, we have (adga) o ¢ = ¢ o p(a) for every a € g, which
easily implies that Ran ¢ < g, and then

[Ran ¢, Ran ¢] C Ran ¢,

hence we can define a unique Lie algebra bracket on X such that ¢: X — g is
a Lie algebra homomorphism, namely

(Vor, 22 € X)  [z1,22) = ¢ H([p(21), o(22)]).
Then

p([z1, 72]) = [p(21), p(x2)] = ((adg(p(21))) 0 @) (z2) = (¢ © plp(21))) (2),

where the latter equality follows by the commutative diagram of Proposi-
tion 8.6. Since Ker ¢ = {0}, relation (8.16) follows.

Now (8.16) implies that for all 21,25 € X we have by the continuity of
p: g — B(X) that

lzr, ol < lpll - el - ]l - [,

hence the above defined bracket on X is continuous with respect to the norm
of X.
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2° We now define the involution of X. To this end, first note that Ker is
invariant to the map

g —g¥, f f

Hence this map induces a (similarly denoted) map on g#/Ker: such that
7(f*) = w(f)* for all f € g#. (Recall that

7 g — g7 /Kers
is the natural projection map.) Moreover, for every f € g we have

In(x(£) )Nz = In(x(FNNE = (F7,e(f) = {f () = (= ()]

Hence the involution on g# /Ker ¢ extends by continuity to an isometric invo-
lutive map on X. More precisely, there exists a unique isometric involutive
linear map = — z* on X such that n(v*) = n(v)* for all v € g# /Ker:. Now
for every f € g# we have

hence
o(z*) = p(x)* forall =z e X.

According to what we got at stage 1°, we then have

p(ler, 22]") = @([z1, 2a])" = [p(21), p(22)]" = [p(22)"; o (21)"]
= lp(a3), p(27)] = p([23, 1)),
and thus [z1,z2]* = [23, 7] (since Kerp = {0}) for all 1,22 € X. Conse-

quently, X is an involutive Banach-Lie algebra and ¢ € Hom™(X, g).

3° We prove at this stage that X is actually an L*-algebra. Since we have
already seen that the bracket of X is continuous and Ran (1 o ) is dense in
X, it suffices to check that for all f,g,h € g# we have

([mom)(f),(mom)(g)]l | (nom)(h))y = ((nom)(g) | [(UOW)(f)*7(nO7T)(f(LE);]i :
In fact, since p# =nom and 1 = o p# = ponom, we have .

((nem)(f),(mom) (@] | (nom)(h), = ((nom)(f), (nom)(g)] | ¥ ()
se([(mom)(f), (mom)(9)])
m)(f), (pomnom)(g)l)
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where the latter equality follows, since ¢ € Hom; (¢7,9). Thence, using the
fact that ¢+ = #, we get

(Itnom)(f), (o m)(g)] | (nom)(R)) x =

where the next-to-last equality follows, since ¢ o nom = ¢. Thus (8.17) is
proved.

4° Now take a € g arbitrary. To prove that p(a) € Der(X), note that for all
1,22 € X we have by Proposition 5.6 that

p(pla)([z1,22])) =

+ [p(21), (adga) (¢ (22))]
+ [p(z1), p(pla)r2)]

Since Ker ¢ = {0}, we get p(a) € Der(X), and the proof ends. I

REMARK 8.9 It follows by Remark 8.7 and Theorem 8.8 that there exists
on the complex Hilbert space £ a unique structure of complex L*-algebra with
isometric involution such that ¢ € Hom™(£,2) and

(Voi,20 € L) [z1,22] = p(p(z1))22.

Moreover, Ran ¢ < 2l and Ran p C Der(£).

REMARK 8.10 In connection with Proposition 8.6 and Theorem 8.8, note
that there occur representations of g in g#, X and g, namely a — (ad;)#7
a — p(a) and a — adga, respectively. These representations are related by
the commutative diagrams

g 2— x 2 g

(adga*)#l lp(a) ladga

g 24— x —— g

for each a € g. Similarly, we have commutative diagrams of the complexified
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spaces
#

A# £, e 2 9

(adga*)#l lp(a) ladg[a

#

L g L9
for all a € 2 (see Remark 8.5, Remark 8.7, and Remark 8.9).

REMARK 8.11 We now note that the real Banach space g# /Ker ¢ pos-
sesses a natural structure of involutive Banach-Lie algebra such that the in-
jective operator

pon: g% /Keri— g

(induced by ¢: g# — g) is a continuous homomorphism.

Indeed, for each a € g, the relation (adga) ot = ¢ o (adga*)# shows that
Ker ¢ is invariant to (adga*)#, and thus (adga*)# induces an operator p(a)
on g# /Ker .. Hence we have a representation

p: g — B(g* /Ker1)
such that for each a € g the diagram

g# /Ker, 2, g
ﬁ(a)l ladga
g# /Ker, —2, g

is commutative. Then, as at the beginning of the proof of Theorem 8.8 above,
we can define the desired bracket on g# /Ker ;. Moreover, the following version
of (8.16) holds:

(Vor, 09 € g% /Kere) — [v1, 0] = p((p 0 1) (v1))v2
or, according to the way p is constructed,
(Vf1, fo € g%) [f1 + Kere, fo + Kerd] = (adg(¢(£7)))* fo + Kere.

We also have an involution on g#/Ker:, defined as in the stage 2° of the
proof of Theorem 8.8 by (f + Ker¢)* = f* + Ker for each element f + Ker:
of g7 /Ker ..

Furthermore, Ran (¢ o) = Rant < g and

Ran 5 C Der(g# /Ker:).
(The latter inclusion can be proved by the method of stage 4° of the proof of
Theorem 8.8.)
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Finally, we note that similar facts can be said in connection with the com-
plexification 2% /Ker ¢ of g% /Ker .

We conclude this section by an example illustrating the constructions per-
formed above.

EXAMPLE 8.12 Let2<p<ooand ¢g=p/(p—1), so that

1 1
l<g<2<p<ooand —+—-=1.
p q

Then consider g = u,, where u, is the canonically involutive Banach-Lie
algebra of all skew-adjoint operators belonging to the Schatten ideal C,(9),
as in Example 7.39. It is well known that (u,)# = u,, the natural pairing
being

<'ﬂ'>:uq><up_>R7 <f7a>=—Tr(fa)7

where Tr : C;(H) — C is the usual trace on the ideal of trace-class operators.
Further denote by
YUy — Uy

the inclusion map up < u,. It is obvious that ¢ € Hom™(us, u,) and for every
z € up and f € u, we have

(fro(@)) = =Tr(fo) =Tr (fz") = (f | 2)u,
hence <p#: Uy — Uy is just the inclusion map. Thus
Li=popTiug -,
is the inclusion map ug < u,. Then
L€ CT(uy)

according to the above Proposition 8.1.
This fact can be checked directly as well: for all a,b € g = u, and f € g =
ug, we have

(f, (adga™)b) = =Tr (f[—a,b]) = Tr (fab) — Tr (fba) = Tr (fab) — Tr (a fb)

Hence
(adga”)* f = [a, f]
for all @ € u, and f € u,;. This formula shows at once that ¢: u; — u,

is equivariant (see Definition 7.1). Moreover, ¢ is also monotone: for every
f € uy we have

(ful) ==Te(f*) =0

for f is skew-adjoint.
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8.3 Parameterizing L*-ideals

We now use the results of the previous sections in order to parameterize the
L*-ideals of a real involutive Banach-Lie algebra by means of the equivariant
monotone operators. The main idea of this approach is that, in general, the
equivariant monotone operators are easier to determine than the L*-ideals.
This point is particularly illustrated in Example 8.23 below, where we prove
that the canonically involutive real form u, of the Schatten ideal Cp,($)) has
no non-zero L*-ideals when 1 < p < 2. (Compare with Example 7.39.)

The following theorem concerns the map ® constructed in Proposition 7.23.

THEOREM 8.13 Let g be a real involutive Banach-Lie algebra. Then for
every v € CT(g) we have ®(1) € L*1d(g), and the map
®: C*(g) — L*1d(g)
has the following properties:
(i) For all 11,15 € CT(g),

(I)(Ll + LQ) = (I)(Ll) + @(Lg).

(ii) If t1,t2 € CT(g), then

B(1y) C B1g) = R% -15 CRY -1y +CH(g).

(iii) We have
Ci(g) = {t €C™(g) | B(x) is dense in g}.

(iv) Each of the sets

{J € L*1d(g) | J is dense in g},
{J € L*1d(g) | the center of J reduces to {0}},
{J € L*1d(g) | J is contained in the center of g}

is contained in Ran ®.

PROOF It follows by Theorem 8.8 that ®(:) € L*Id(g) whenever ¢ €
C*(g). The other assertions of the theorem can be proved as follows.

i) Use Proposition 7.28.

ii) Use Corollary 7.27(a).

iii) See Proposition 7.29.

iv) Use Proposition 8.1 (see also Proposition 7.23). I

(
(
(
(
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COROLLARY 8.14 Let g be a real involutive Banach-Lie algebra. If g is
topologically simple then the following assertions hold.

(j) We have
C*(g) = {0} UC (a)-

(jj) We have Cf (g) # 0 if and only if g has a non-zero L*-ideal.

PROOF First note that, by Theorem 7.38, every non-zero L*-ideal of g is
dense in g. In view of the obvious fact that ®(:) = 0 if and only if ¢ = 0, the
desired equality in (j) then follows by the above Theorem 8.13(iii).

Then assertion (jj) follows by Theorem 7.38 along with the above Theo-
rem 8.13(iii).

Since, in the above Theorem 8.13, it is not clear that the map ® is always
onto, it is convenient to introduce the following concept.

DEFINITION 8.15 We say that a real involutive Banach-Lie algebra g
is adequate if the corresponding map ®: C*(g) — L*Id(g) is onto.

We now consider several examples of adequate Banach-Lie algebras.

EXAMPLE 8.16 1If a real involutive Banach-Lie algebra is abelian, then
it is adequate. (See the last of the sets in Theorem 8.13(iv).)

EXAMPLE 8.17 1If a real involutive Banach-Lie algebra is topologically
simple, then it is adequate.

Indeed, according to Theorem 7.38, every L*-ideal of such an algebra is
dense; then use the first of the sets in Theorem 8.13(iv).

EXAMPLE 8.18 Every real L*-algebra g is adequate.
To prove this fact, denote by 3 the center of g and consider an arbitrary
L*-ideal J of g. It easily follows by Theorem 7.34 that

J=T0®TJ1,
where Jo :=JN 3 and J; :=JIN 3+, and Jg,T; € L*Id(g).
Since Jp C 3 and the center of J; is {0}, the above Theorem 8.13(iv) shows
that there exist to,¢1 € CT(g) with ®(:9) = Jg and ®(¢1) = J1. Then
J= 30 + jl = (I)(Lo) + (I)(Ll) == (I)(LO + Ll)

according to Theorem 8.13(i), and we are done.
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Other examples of adequate Banach-Lie algebras will be encountered in
what follows (see Corollary 8.27 below).

PROPOSITION 8.19 If g is an adequate Banach-Lie algebra, then the
set L*Id(g) is a lattice with respect to vector addition and set intersection.

PROOF It follows by the above Theorem 8.13(i) that L*Id(g) (= Ran®)
is closed under vector addition. On the other hand, Proposition 7.35 shows
that L*Id(g) is closed under set intersection as well.

Here is another interesting property of the adequate algebras.

PROPOSITION 8.20 If g is an adequate Banach-Lie algebra and 1 €
C*(g), then the L*-ideal ®(1) is mazimal in L*1d(g) if and only if Ry -1 is an
extreme ray in the convexr cone C*(g).

PROOF  Use Theorem 8.13(ii). I

COROLLARY 8.21 Let g be a real involutive Banach-Lie algebra. If g is
topologically simple, then either

C*(g) = {0}

or
C(g) =Ry -t

for some 1 € Cq (g).

PROOF Assume CT(g) # {0}. Then g has precisely one non-zero L*-ideal,
according to Theorem 7.38 and Corollary 8.14 above. Since g is adequate (see
the above Example 8.17), Proposition 8.20 implies that every ray of the closed
convex cone CT(g) (see Lemma 7.4) is extreme, which easily implies the desired
conclusion (see also Corollary 8.14(j)).

We continue with a characterization of the real L*-algebras in terms of
equivariant monotone operators.

PROPOSITION 8.22 Let g be a real involutive Banach-Lie algebra. Then
g is x-isomorphic to a real L*-algebra if and only if C*(g) contains surjective
operators.
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PROOF If g is a real L*-algebra, then

g =g

and we have
(adga®)* = adga

for all a € g, hence the identity map idg belongs to C*(g).
Conversely, assume that there exists ¢+ € C*(g) with Ran: = g. Since
= L, we get
Ker: = (Ran:)* = {0}.
Next let X be a real L*-algebra and ¢ € Hom"(X, g) with Kery = {0} and
L = @ o " (see Notation 8.3 and Theorem 8.8). Then

g=Ran: C Rany C g,

hence Ran p = g. Consequently ¢: X — g is a *-isomorphism of a real L*-
algebra onto g.

We now use the above Corollary 8.14(jj) to complete the discussion of Ex-
ample 7.39.

EXAMPLE 8.23 If1 < p< 2, then

L*Hd(w,) = {{0}}.

Indeed, recall that u, is topologically simple, as noted in Example 7.39. Then
u, is adequate by the above Example 8.17.

Now assume that L*Id(u,) contains elements different from {0}. Since every
non-zero L*-ideal of u, must be dense (see Theorem 7.38), it follows by the
above Theorem 8.13(iii) that there exists ¢ € Cj (u,). Since (u,)# = u,, we
have

L UG — Uy,

where ¢ = p/(p — 1) > 2 > p. Denote by
Jiup — U

the natural inclusion map. The equivariance property of ¢ (see Definition 7.1)
reads

(Va e w)(Vfeuy)  wla, f]) = [a, «(f)]. (8.18)

(See Example 8.12.) For f € u,(C u,) fixed, this equality extends by conti-
nuity to all a € u,; hence we have also

(Va cu)(Vf ewp)  u(la, f]) = [a,e(f)].

Copyright © 2006 Taylor & Francis Group, LLC



L*-ideals and Equivariant Monotone Operators 187
This implies that
Jotl, € C* (up).
Since u, is dense in ug and ¢ # 0, we must have 0 # j o ¢|,, and then
{0} # @(j o tfu,) € L'Id(ug)
by Theorem 8.13 (where ®: C*(u,) — L*Id(u,) as in Theorem 8.13). Since
2 < gq, it then follows by Example 7.39 that
P(j 0 thy,) = uz = 2(j).

Then Corollary 7.27(b) implies that there exist A, u > 0 such that

(Va € up) — ATr (a?) < —Tr(a - (a)) < —uTr (a?).
Since u,, is dense in uy, we deduce that

(Vaeuz)  Aal3 < (a|ua)), < plall3-

Since # = 4, it then follows that tluy : U2 — ug is an invertible operator. In
particular uy = t(uz) C ¢(uy) C u,, thus contradicting the fact that p < 2.
Consequently, u, has no non-zero L*-ideals when 1 < p < 2.

Elliptic Banach-Lie algebras

We concude the present section by investigating the relationship between
adequate algebras and the elliptic Banach-Lie algebras introduced in the fol-
lowing definition.

DEFINITION 8.24 A real Banach-Lie algebra g is elliptic if the auto-
morphism
exp(adga): g — g

is an isometry for each a € g.

The following simple property of elliptic algebras will prove to be very useful
in what follows.

PROPOSITION 8.25 If g is an elliptic Banach-Lie algebra and J is an
abelian ideal of g, then J is contained in the center of g.

PROOF Let a € 3. We have [a,[a,T]] C [a,T] C [J,3] = {0}. Hence,
denoting by 2 the complexification of g we have (adga)? = 0.

On the other hand, since g is elliptic, it follows that adga is a hermitian-
equivalent operator on 2, hence adga = 0 (see e.g., Corollary 3 in §14 in
[BSO01]). In particular, a belongs to the center of g.
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COROLLARY 8.26 If g is an elliptic Banach-Lie algebra, then for every
ideal 3 of g we have Z(J) C Z(g).

PROOF In view of the above Proposition 8.25, it suffices to prove that the
center Z(J) of 7 is an ideal of g.
We have [J, Z(J)] = {0}, hence for all a € g, b € J and z € Z(7J),

0= [a,[b, 2] = [[a,b], 2] + [b, [a, 2]]- (8.19)

But [a, b] € [g,T] C T hence [[a, b], z] = 0. Then (8.19) implies that [b, [a, 2]] =
0 for all b € 7, that is, [a, 2] € Z(7).

Consequently [g, Z(J)] € Z(J) and the proof ends, in view of the beginning
remark.

We now use Corollary 8.26 to show that many elliptic Banach-Lie algebras
are adequate.

COROLLARY 8.27 If g is an involutive elliptic Banach-Lie algebra with
Z(g) = {0}, then the following assertions hold:

(i) The algebra g is adequate.

(ii) For every L*-ideal J of g, the closures of the subsets T and [J3,7] of g
are equal.

PROOF (i) It follows by the above Corollary 8.26 that the center of every
ideal of g reduces to {0}. Then use the second of the sets in Theorem 8.13(iv).

(ii) If 3 € L*Id(g), then the already proved assertion (i) shows that there
exist a real L*-algebra X and ¢ € Hom* (X, g) with Ranp = J. As usual, we
may assume that Ker ¢ = {0} (see Remark 7.13).

Since Z(J) = {0} (cf. the proof of (1)), it then follows that Z(X) = {0},
which in turn implies that [%, X] is dense in X, according to Theorem 7.11(d).
Since p: X — g is continuous, we then deduce that J = ¢(X) and its subset
[3,73] = ¢([X, X]) have the same closure in g.

REMARK 8.28 It is worth noting the following by-product of the proof
of Corollary 8.27(ii) (obtained by making use also of Theorem 8.13(iii)): If g
is a real involutive Banach-Lie algebra with Z(g) = {0} and CJ (g) # 0, then
[g,9] is dense in g. Equivalently, if Z(g) # {0} and [g, g] is not dense in g,
then Cq (g) = 0.

Let us also note that the latter fact sometimes holds with one of the two
hypotheses removed; see the example of Heisenberg algebras in Remark 7.6.
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8.4 Representations of automorphism groups

THEOREM 8.29 Let g be a canonically involutive Banach-Lie algebra
such that g is topologically simple and Cq (g) # 0. Pick v € Cf (g) and let X
be a real L*-algebra and ¢ € Hom*(X,g) with Ker p = {0} and 1 = p o p7.
Then there exists a unique trreducible continuous group representation

p: Aut(g) — B(X)

such that
(Va € Aut(g)  wo(p(a) =aop.

Moreover, for every a € Aut(g), we have

aor=ro ()7

pla) € Aut(X) and p(«) is an isometry.

PROOF First note that X and ¢ exist by Theorem 8.13 (see also Nota-
tion 8.3). Denote
J:=Ranp = ®(¢) € L*Id(g).

Now, if @ € Aut(g), we have obviously {0} # «(J) € L*Id(g). But J is the
only non-zero L*-ideal of g (by Theorem 7.38), hence «(J) = J. It then follows
by the closed graph theorem that there exists p(a) € B(X) with

popla)=aop.

Since Ker p = {0} and ¢ € Hom™(X, g), it easily follows that a — p(a) is a
group representation and p(a) € Aut(X) (see e.g., the argument at stage 4°
in the proof of Theorem 8.8).

Now assume that Xg is a closed subspace of X such that Xg is invariant to
p(a) for all & € Aut(g). Note that since ¢ € Hom" (X, g), we have po(adxz) =
(adg(p(x))) 0 @, hence o (exp(adxz)) = (exp(ady(p(x)))) o ¢ for each x € X.
In other words,

p(a) = exp(adxz) whenever o = exp(adg(p(z))) with = € X.

Then X%, is invariant to each automorphism exp(adxz) of X with z € X, which
implies at once that
Xo I X.

On the other hand, since g is topologically simple, it follows by Remark 7.32
that X is in turn topologically simple. Hence we have either Xy = {0} or
Xo = X. Thus the representation p is irreducible.
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Next, if o € Aut(g), then ¢ o (p(er)) = a o ¢, hence
po(p(a))o(p(a)® op” =aocpop® oa® =aoioa®.

But we actually know by Lemma 7.16 that p(«) is an isometry, because we
have seen above that X is topologically simple. Hence the above equality
implies that

aoroa¥ =popt =, (8.20)

as desired.
It only remained to show that p is continuous. To this end, note that since
(8.20) holds for all & € Aut(g), we have

Vo € Der Soir+i0d# =0.
( (9))

Then Lemma 8.4 shows that for each ¢ € Der(g) there exists ps € B(X) with

§op=ygops pi =—psand ||ps| < ||9].

Furthermore, as at the stage 4° in the proof of Theorem 8.8, we deduce that
ps € Der(X) for all 6 € Der(g). Moreover,

Der(g) — Der(%X), 6~ ps
is a Lie algebra homomorphism and
(V6 € Der(g)) exp(ps) = p(expd) (e Aut(X)). (8.21)
Now recall that the exponential mapping
exp: Der(g) — Aut(g)

is a local homeomorphism at 0 € Der(g). In fact, see Example 4.10; the idea is
that Aut(g) is an algebraic subgroup of degree < 2 of B(g)* with Lie algebra
Der(g), and then Proposition 4.4 and the version of Theorem 4.13 for real
Banach algebras apply.

It then follows by (8.21) that the representation p of the real Banach-Lie
group Aut(g) is continuous on a neighborhood of 1 € Aut(g). Consequently,
this representation is continuous throughout on Aut(g).

EXAMPLE 8.30 Let2 <p <oo,g=1u, X =1u and ¢: up — u, as
in Example 8.12. In this special case, the above Theorem 8.29 explains why
every automorphism of u, induces an isometric automorphism of u,, and this
“induction process” is continuous (see Proposition II.12 at page 93 in [dIH72]).
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8.5 Applications to enlargibility

In this section we describe an application of equivariant monotone opera-
tors to the enlargibility theory presented in Chapter 3. In particular we show
that a real involutive Banach-Lie algebra g is enlargible provided Cq (g) # 0.
Actually we prove that the latter condition on Car (g) has much stronger con-
sequences on enlargibility of all split central extensions of g; see Corollary 8.36
below.

DEFINITION 8.31 A locally finite Lie algebra is a Lie algebra such that
each of its finite subsets belongs to some finite-dimensional subalgebra.

LEMMA 8.32 If a real Banach-Lie algebra has a dense locally finite sub-
algebra, then it is enlargible.

PROOF  See Corollary 3.5 in [Pe92] (or Corollaire 2 in [Pe88]). See also
[Be04] for a “standard” proof of the local enlargibility theorem of [Pe88] and
[Pe92]. I

PROPOSITION 8.33 Every L*-algebra over K € {R,C} has a dense
locally finite ideal.

To prove this fact, we need the following auxiliary result.

LEMMA 8.34 Let £ be a real Banach space and § a dense subspace of £.
If 7: £ — £ is a bounded linear operator with the properties

(a) 72 =idg, and
(b) 7(3) €3,
then § NKer (7 —idg) is dense in Ker (7 —idg).

PROOF First note that
Ker (7 — ide) = Ran (7 + idg), (8.22)

as an easy consequence of the property (a) of 7. It then follows by (b) that
(T +1de)F C §NKer (7 —idg), hence it suffices to show that (7 + idg)F is
dense in Ker (7 — idg).

To this end, we remark that since § is dense in £ and 7 is continuous, it
follows that (7 + ide)§ is dense in Ran (7 + idg), whence the desired fact
follows by (8.22).

Copyright © 2006 Taylor & Francis Group, LLC



192 Smooth Homogeneous Structures in Operator Theory

PROOF (of Proposition 8.33) Since every L*-algebra is the Hilbert
space orthogonal sum of its center and its closed simple ideals (see Remark 7.10
and Theorem 7.11(a)) it clearly suffices to prove the assertion in the case of
topologically simple L*-algebras. The proof in this case has two stages.

1° First assume K = C and let £ be an infinite-dimensional topologically
simple L*-algebra over C. According to Theorem 7.18, there exists an infinite-
dimensional complex Hilbert space $) such that either £ = C2()) or

L={T €C($) | 7(T) =T}
for some continuous bijective real-linear operator J: $ — ), where
7: C2($) — C2(H), T —Jr*Jj—!

and 7% = ide, (). (We denote by T the Hilbert-space adjoint of an operator
T on $.) Since it is easy to see that the ideal § of finite-rank operators on
is locally finite and is dense in C2($)), it then follows by Lemma 8.34 that the
locally finite ideal § N £ is always dense in £.

2° Now assume K = R and let X be an infinite-dimensional topologically
simple real L*-algebra. It then follows by Proposition 7.17 that there exists a
topologically simple complex L*-algebra £ such that either X is topologically
isomorphic to £ with the scalars restricted to R, or X¢ ~ £. In the first case,
the desired property of X clearly follows by what we have already proved at
the stage 1°.

We next assume that X is a real form of £, and we use the notation of the
stage 1°. Then there exists an involutive conjugate-linear *-automorphism &
of the complex L*-algebra £ (the complex-conjugation of £ with respect to
X) such that

X =Ker (g —idg).

On the other hand, according to Corollary 7.22, every conjugate-linear -
automorphism of £ leaves invariant the ideal § N £ of finite-rank operators in
£. Since we proved at stage 1° that the locally finite ideal § N £ is dense in
£, it then follows by the above Lemma 8.34 that the locally finite ideal §N X
is dense in X, and the proof ends. I

THEOREM 8.35 If g is a real involutive Banach-Lie algebra such that
Ci(g) # 0, then both g and its complexification gc possess dense locally finite
subalgebras.

PROOF Tt clearly suffices to prove the assertion concerning g.

Since CJ (g) # 0, it follows by Theorem 8.13 that there exist a real L*-
algebra X and ¢ € Hom™(X, g) with Ker p = {0} and Ran ¢ dense in g. Now
Proposition 8.34 implies that there exists a dense locally finite subalgebra X
of X. Tt then easily follows that ¢(Xo) is a dense locally finite subalgebra of
the Banach-Lie algebra g.
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For the next statement we recall that a real Banach-Lie algebra g; is said
to be a linearly split central extension of another real Banach-Lie algebra g if
there exist a closed central ideal 3 of g1, a continuous surjective homomorphism
of Banach-Lie algebras ¢: g1 — g, and a continuous linear operator o: g — g1
such that we have the short exact sequence

0—3—g—g—0

and goo =idg.

COROLLARY 8.36 If g is a real involutive Banach-Lie algebra with
Car (g) # 0, then every real Banach-Lie algebra which is a linearly split central
extension of either g or its complezification gc is enlargible.

PROOF First use Theorem 8.35 to get locally finite subalgebras of g and
gc. Next note that every central extension of a locally finite Lie algebra is
in turn locally finite. This allows us to construct a locally finite subalgebra
of the linearly split central extension under consideration. Then the desired
enlargibility follows by Lemma 8.32.

PROBLEM 8.37 1t follows by Corollary 8.36 that if g is a non-enlargible
Banach-Lie algebra (see Example 3.35), then Cf (g) = 0 for every involution
on g. What about C*(g)? Is there any connection between C*(g) (respectively
C4 (g)) and the period group of g, at least in the special case when g is elliptic?

A positive answer to the latter question seems to be suggested by the result
contained in Lemma IV.13 in [GNO03]. Namely, there it is proved that if
g is an elliptic Banach-Lie algebra, then g is enlargible if and only if its
complexification is enlargible.

Notes

This is the first time that the results of Sections 8.1 and 8.2 on the relation-
ship between L*-ideals and equivariant monotone operators have been pub-
lished. Their importance is pointed out by consequences like Corollary 8.21
or Example 8.23. Proposition 8.22 extends Proposition 2.12 in [Be05a] by
removing the hypothesis that the Banach space underlying g should be reflex-
ive.

For further properties of elliptic Lie algebras, see [Ne02¢c] and [GNO03]. It
is interesting to compare our Proposition 8.25 with Proposition VII.23(i)
in [Ne00].
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The result contained in Theorem 8.29 seems to be new. Corollary 8.36 was
announced as Theorem 2.3 in [Be03].

In the special case of complex separable L*-algebras, the result contained
in Proposition 8.33 is noted also in [Wo77].
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Chapter 9

Homogeneous Spaces of
Pseudo-restricted Groups

Abstract. The point of the present chapter is that the complex
structures constructed in Chapter 6 are compatible with certain
natural symplectic structures. More precisely, on the Lie algebraic
level, the story is thus: consider the class of pseudo-restricted al-
gebras (Definition 9.4). Each of these algebras comes naturally en-
dowed with a continuous vector-valued 2-cocycle (Theorem 9.10),
and it turns out that the methods of Chapter 6 actually lead to
complex polarizations in those 2-cocycles (Theorem 9.12). Even-
tually, these turn out to be weakly Kahler polarizations under
certain additional assumptions, including in particular the fact
that the map ¢ involved in the definition of the pseudo-restricted
algebra is an equivariant monotone operator (Theorem 9.15). The
latter condition implies additionally that all the Lie algebras in-
volved in these constructions correspond to certain Lie groups.
This is a consequence of Corollary 8.36 and Theorem 3.32. Thus
the complex polarizations constructed in this chapter (see Theo-
rems 9.12 and 9.15) point to a general construction principle for
Kéahler homogeneous spaces. In the last part of the chapter we
describe a class of examples of homogeneous spaces falling under
that general principle. The background of these examples is the
theory of operator ideals.

9.1 Pseudo-restricted algebras and groups

The goal of this section is to introduce a class of Banach-Lie algebras and
Banach-Lie groups that are very important for the applications we want to
make in this chapter. We mean the pseudo-restricted groups and algebras.
Such an algebra will be constructed out of an equivariant monotone operator,
and the specific properties of these operators will turn out to have deep con-
sequences for certain homogeneous spaces of groups associated with pseudo-
restricted algebras.

195
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In Propositions 9.1 and 9.3 below we prepare the definition of pseudo-
restricted algebras (Definition 9.4).

PROPOSITION 9.1 Let 39 be a real Banach space, ) and U Banach
spaces over K € {R,C}, and v € B(0,9) with Kert = {0}. We associate to
a bounded linear map

U: 30 — B(D)
the linear subspace of %)

V(W) ={yeD|(Vy€3) ¥()yecRani}= [ ¥(y) ' (Rans)

Y€30

endowed with the norm || - ||y v, defined by

(Vy € (¥, 1)) lylly v, = lylly + 1 (@O BGo,w)-

Then P(¥, 1) is a Banach space over K and the following assertions are equiv-
alent:

(i) There exists a bounded linear map

: 30 — B()
such that for all y € 3o we have 1o U(y) = V() o L.
(ii) We have Rant C Y(P, ).
(iii) The linear subspace Rant is invariant to W(vy) for all v € 30.
Moreover, if the assertions (1)—(iii) hold, then
(iv) the map T s uniquely determined;
(v) the linear space Y(¥, 1) is invariant to ¥(vy) for all v € 30; and
(vi) there exists a linear isometry
¥ Y(V, 1) — Y x B30, D)
such that, if [Ran ¥, Ran U] = {0}, then
(Vv €30) Yo (¥(MWlycw,) = (Y() x Mg.)) o,

where _
Mg ,y: B(30,D) = B30, D), x = ¥(7)ox,

and the Banach space ) x B(30,9) is endowed with the sum-norm, i.e.,

(Vy € D)(Vx € B0, V) (W o xBGo.w) = lwlly + IXlBGe.w); and
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(vii) in the case when K = C and [Ran ¥, Ran U] = {0}, for each holomorphic
function f: C — C we have

(Vv €30)  IF @Ol < max{[|F (@), [/ (T@)I}-

PROOF The proof has several stages.
1° In order to check that (¥, ) is a Banach space, assume that

hmoo lYm — ynHiU(\II,L) =0,

that is,
1y~ lly = 0 (9.1)
and
Hm e (Y () (Ym — yn)) | B(30,2) = 0. (9.2)

m,n— o0
Then (9.1) shows that lim ||y, — y|lyp = 0 for some y € 2, hence
n—o0

i (W (-)yn = ¥()yllagem) =0 (9-3)

n—00

On the other hand, by (9.2), there exists x € B(30,%) with

lim [|e™ (W ()yn) = XllBGe.m) = 0.

n— oo

Then Tim {|e(e™ (¥ (-)yn) = X)|I5(s0.) = 0, that is,

lim [ W(-)yn — ¢ © XllBG0,2) = 0-

n—00

Hence we get by (9.3) that ¢ o x = ¥(-)y, whence y € 9(¥, ). Moreover,

lyn = vl = lyn = ylly + 1 (O @ — ) 1BGo.2)
~ 19 = yllp + (¥ ()) = Xllats0) — 0.

2° Concerning the fact that (i) <= (ii) <= (iii), first note that the
implication (i) = (ii) is obvious, while (ii) <= (iii) by the very definition of
D(P,:). To get (ii) = (i), we need only apply Lemma A.15 to the bounded
bilinear map

30xY =9, (v,y)— YY)y

3° Now assume that the equivalent assertions (i)—(iii) hold. Then (iv) fol-
lows, since Ker: = {0}.

To prove (v), take v € 30 arbitrary. By the very definition of Q(¥,:), we
then have ¥(7)(2(¥,¢)) € Rant, and now (ii) implies the desired conclusion.

For (vi), define

V: D(V,0) =Y x B(30,9D), yr— (v, (T()y)).
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Then v is obviously an isometry when ) x B(30,%) is normed as indicated

in the statement. Next, if [Ran U, Ran ¥] = {0}, then for all y € P(¥,:) and
v € 30 we have

P(T()y) = (T()y, (L)Y (1)Y)

= (T(1)y, () (2 ()y)

(T)y, e (T()¥()y))
(W(v) x Mg,))¥(y),

and the proof of (vi) is complete.
The inequality in (vii) follows by (vi) in view of the fact that since the
Banach space 9) x B(30,0) is endowed with the sum-norm, we have

1AW ) x M) = [F20)) % Myl = max{| FEEDIL 1M g 1}
< max{| /@), IFE)I},

and the proof is finished. I

REMARK 9.2

(a) In the setting of the above Proposition 9.1, we have

ﬂ Ker U(y) C Y(T,0).

Y€30

Actually, if y € 9(¥, ), then

Iylly v = luly < ye (] Ker¥(y).
Y€30

(b) For later use, we now record still another remark. In the setting of
Proposition 9.1, if K = R, n := dimjy < oo, both Y and U are re-
flexive Banach spaces, [Ran ¥, Ran ¥] = {0} and i¥: 30 — B(Y®) is a
hermitian map, then P(V, ) is a reflexive Banach space and the closed
subspace

Do = ﬂ Ker U(7)

€30

is complemented in P(¥,:). To prove this assertion, first note that
(P, 1) is isometrically isomorphic to a closed subspace of a direct sum of
%) and n copies of U (see Proposition 9.1(vi)), hence P (P, ) is reflexive
in view of the fact that both ) and U are reflexive. For the assertion
concerning 9o, let z1, ..., 2z, be a basis of 30 and denote A; = i¥(z;) for
j=1,...,n. Then Ay,..., A, are hermitian operators on the reflexive
Banach space ¢, hence by Corollary 4.5 in [Ma78] we get

€ = Ker A; + cl (Ran A4;),
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where cl (-) stands for the closure of a subset of Y. But A; Ay = Ay A4,
hence As leaves invariant both Ker A; and cl (Ran Ay), and it induces
hermitian operators on each of these (reflexive!) Banach spaces. By
Corollary 4.5 in [Ma78] again, we get
D) =(Ker A; N Ker As) + Ran (A1 |ker 4,)
+ (Ker As Ncl(Ran Al)) + cl (Ran Asa|c1 (Ran 4,));

and so on. One eventually gets
P¢ = () Ker4;) +2
j=1

for some closed subspace 2 of €. Since (| Ker 4; is invariant to that
j=1

conjugation of 2T whose set of fixed points is ), it then easily follows

that 9 = Do +(ANY). But Po C V(P, ) (see the above Remark 9.2(a)),

hence
D(V,1) = Yo+ (ANY(¥,1)).

Now it only remains to note that 2N Y(P,:) is a closed subspace of
D(V, 1), as a consequence of the fact that the inclusion map Y(¥,:) —
) is continuous.

PROPOSITION 9.3 In the setting of Proposition 9.1, assume that ) has
a structure of Banach-Lie algebra, that Ran ¥ C Der(Q)), and that we have a
bounded representation

p: Y — B(T)
such that for every y € ) the diagram
¥y — 9
p(y)l ladayy
¥y ——— 9
is commutative. Then

() D(Y,1) is a subalgebra of Y which is a Banach-Lie algebra under the
norm || - ||9_)(\11,L);

(ij) Ran is an ideal of ;

(Gij) of Rant C YP(¥, 1), then we have a bounded linear map

\Il(')b)(\ll,L): 30 — Der(@(‘l’a L))
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PROOF  (j) Let y1,y2 € P(¥,:) and v € 30 arbitrary. According to the
definition of YP(¥,¢) in Proposition 9.1, there exist v1,v2 € U (depending
on ) such that U(y)y,; = ¢(v;) for j = 1,2. Consequently we have

Y(V)y1 vl = [¥(V)yrs v2llyr, U (y)ye] = [e(vi), ya2] + [y1, e(v2)]
= —((adgy2 o t)v1 + ((adgyy1) o t)ve
= —(top(y2))vr + (o p(y1))va = t(=p(y2)v1 + p(y1)v2),
whence ¥(vy)[y1, y2] € Rant and

THEO) Iy al) = = (py2)) (Y1) + (o) (THE()g2)). (9:4)

Then [y1,y2] € (¥, ) and

||[y1ay2]||2)(‘1/,L)
= [ly1, yellly + ||L71(‘I’(')[y1,yz])||5(3om)
= w1, walllp + | = (o(y2)) (T (2 ()wn)) + (o) (RO y)llBGo,w)

by (9.4). Consequently

Ily1, yolllp ey <M - llyally - lv2ll + el - lvally - e (¥ Oy lsgo.0)
+ el - lwlly - e (@ Ow2)llGe.w)
<C(llyally + 1= (T C)yn)BGo.m)
X (ly2llo + 1= (2 )y2)l B0,
=Cllyllyw,) - lv2llp .,

where C' = max{M, ||p|} and M = |jady ||, ady : Y — B(Y) being the adjoint
representation of ).

(jj) See the commutative diagram in the statement.

(jij) It follows by either Proposition 9.1(v) or Lemma A.15 that the linear
map ¥(-)|y(w,): 30 — Der(Y(¥,)) is continuous.

We now give a name to the Banach-Lie algebra (¥, ) arising in Proposi-
tion 9.3 above.

DEFINITION 9.4 Let K € {R,C} and 9 a Banach-Lie algebra over K.
Also consider the Banach spaces U over K and 3¢ over R, and ¢ € B(0,92)
with Kert = {0} and Ran: < 9). Then Lemma A.16 shows that there exists
a bounded representation p: 2 — B() such that ¢ o p(y) = (adyy) o ¢ for all
yeD.

The pseudo-restricted algebra associated to a bounded linear map

U: 30 — Der(9)
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is the Banach-Lie algebra (over K)
D(W,1) = () )~ (Rano)
V€30

endowed with the norm defined by

Yy eD(L.0)  lylow.y = lylly + 1 (TOD5Go2)
(cf. Propositions 9.1 and 9.3 above). When no confusion can arise, we write
simply 9(¥) instead of Y(,¢).
A pseudo-restricted group associated with ¢: ¥ — ) and ¥: 30 — Der(Q))
as above is a Banach-Lie group G whose Lie algebra is isomorphic to the
pseudo-restricted algebra (¥, ).

EXAMPLE 9.5 Let Hi be two complex separable infinite-dimensional
Hilbert spaces and consider their orthogonal sum H = H, @& H_. According
to this orthogonal decomposition, we write each element of B(H) as a matrix
(é g) with A € B(Hy),D € B(H_), B€ B(H_,H+),and C € B(H4+,H_).
Next consider the operator

~ (idy, O
s (e 0 Yenoo

Now consider the special case of the setting of Definition 9.4 defined by ) =
B(H), B = Co(H) (the Hilbert-Schmidt operators), ¢: Co(H) — B(H) the
inclusion map, and 39 = R. Define

U: R — Der(9), ¥(t)=t-adyJ=1t[J,-].

Then it is easy to see that

Y(W,1) = {T - (é g) € B(H) | B*B € Ci(H_),C"C ¢ cl(m)}

_ {T: (g‘, g) € B(H) | [J.T] = (g ?) GCQ(H)}

1Tl w,) = TN+ I, Tl e

and

for all T' € Y(T, ).
The pseudo-restricted Banach-Lie algebra (¥, ) constructed in this ex-
ample is usually called the restricted algebra.

REMARK 9.6 Pseudo-restricted groups always exist in the special case
when in Definition 9.4 we have K = R, 9) an involutive Banach-Lie algebra,
U =P#, and « € Cf () an injective equivariant monotone operator.
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In fact, in this case we have Car (9) # 0, hence 9 is enlargible according
to Corollary 8.36. On the other hand, the inclusion map Q(¥,:) — 9 is a
continuous injective homomorphism of Banach-Lie algebras, hence (¥, ) is
in turn enlargible as a consequence of Theorem 3.32.

Cocycles of pseudo-restricted algebras

Our next aim (Theorem 9.10) is to show that under natural hypotheses, the
pseudo-restricted algebras are equipped with certain continuous 2-cocycles.

LEMMA 9.7 Let 30 be a real Banach space, I and U Banach spaces over
K e {R,C}, ¢ € B(%0,9) with Kerv = {0}, and ¥: 30 — B() bounded linear-
Then the linear operator (cf. Proposition 9.1)

D(V,1) — Bo, V), y— v (T()y)

1s bounded.

PROOF Define

A:Y x50 =T, (y,7)— Yy
and note that, denoting by j: 9(¥,:) — 2 the inclusion map, we have
A((Ranj) x 30) € Ran..

Since P(¥,:) is a Banach space (see Proposition 9.1), it then follows by
Lemma A.15 that the bilinear map

V(1) x30 =D, (y,7) — ¢ (T()y)

is bounded. This implies that for each y € Y(¢,1) we have . (U (-)y) €
B(30,0) and moreover the linear operator referred to in the statement is
bounded.

We now get a first idea of the aforementioned 2-cocycles of pseudo-restricted
algebras.

REMARK 9.8 Let g be a canonically involutive Banach-Lie algebra and
v € Hom} (g%, g) with Ker: = {0}. Also consider a real Banach space 30 and

U: 30 — Der(g) bounded linear. Then Lemma 9.7 applied with 0 = g# shows
that the real Banach-Lie algebra g(¥,:) (see Definition 9.4) comes endowed
with a bounded bilinear map

wyt g(W,0) x g(W,0) =38, (y1y) = (T (TO), v2)-
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It turns out that under natural hypotheses, we have actually
Ww,, € Zg (g(\I}7 L)aﬁ#)
(see Theorem 9.10 below).

REMARK 9.9 We now explain the connection between the bilinear map
wy, in the above Remark 9.8 and the bilinear form w dealt with in Lemma 2.8
in [Be0ba]. To this end we use the notation of Remark 9.8 and note that

g(¥) == g(¥,0) = [ 8(¥(20))
Z0€30
as subalgebras of g, where, for each zy € 3o,
9(¥(20)) = ¥(20) " (Ran)

is the subalgebra of g considered in the hypothesis 3° before Lemma 2.8 in
[Be05a]. For every zy € 30, the inclusion map

Jzo: 8(¥) — g(¥(20))
is continuous and, if we denote by
w,: 8(P(20)) X 8(¥(20)) = R, (y1,92) — (¢~ (¥(20)1),92)

the bilinear form dealt with in the above-mentioned Lemma 2.8 in [Be05a],
then we have the commutative diagram

Jz Xdzo
—_—

g(¥) x g(¥) 9(¥(20)) x (¥ (20))
3# evz, R

where ev,, : 3# — R is given by f +— f(zp). This fact easily shows that

wy. € Z29(),38) < (Y20 € 30) wy ,(8(¥(20)), R).

THEOREM 9.10 Let g be a canonically involutive Banach-Lie algebra
with the complexification A, 30 a real Banach space, and 1 € Homz (a7, 9)

with Kert = {0} and #* = 1. Assume that V: 30 — Der(g) has the property
that iV € B(30, B(A)) is hermitian and

(Vzo € 30) W(zp) ot =—10W(z)%.
If moreover the Banach space underlying g is reflexive, then

w, € Z2(g(¥, L),;,#).

Copyright © 2006 Taylor & Francis Group, LLC



204 Smooth Homogeneous Structures in Operator Theory
PROOF  According to Remark 9.9, it suffices to show that
Wy, € Z2(8(¥(20)). R)

for each zy € 30. But this follows by Proposition 2.9 in [Be0bal. I

9.2 Complex polarizations

In this section we obtain a first theorem that supplies complex polariza-
tions of pseudo-restricted algebras (see Theorem 9.12 below). To prove that
theorem, we need the following auxiliary result.

LEMMA 9.11 Let g be a canonically involutive Banach-Lie algebra, 3¢ a
real Banach space, v € Hom;(g#,g) with Kertv = {0}, ¥ € B(30, Der(g)), and
a € B(g) with

[, Ran ¥] = {0}

and
aor=c-rLoa

for some e € {—1,1}. Then g(V,) is invariant to o and

(Va1,as € g(¥,1)) wy,(a(a1),a2) =€ - wy (a1, a(az)).

PROOF For j = 1,2, let a; € g(¥,:) and denote V; := .71 (¥()a;) €
B(30,9%). Then toV; = ¥(-)a;, hence
V() (afay) = a(¥()aj) =aoroV;=c-1oa¥ o Vj.

In particular, we have a(a;) € g(¥,¢).
Moreover

wy,(afar),az) = NP ()afar)),az) =€ - (a# oVi,as) = (V1,a(as))

= (TN (T()ar), alaz)) = € - wy, (a1, a(az)),
and the proof ends. I

Now we can prove one of our main results concerning complex polarizations
of Banach-Lie algebras.

THEOREM 9.12 Let g be a canonically involutive Banach-Lie algebra
with the complexification 2, 3 a finite-dimensional real vector space, and 1 €
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Homj (g%, g) with Ker. = {0} and 1# = 1. Assume that ¥, : 3% — Der(g) has
the property that the map

o =10, € BG7, BAL))
is hermitian, [Ran @1, Ran ¥4] = {0}, and
(Vy€5%)  Wi(y)or=—10Wi(y)*.

Also assume that the Banach space underlying g is reflexive and there exists
a closed subsemigroup S of (3,+) such that (—=S)NS =0 and

ow (o) C (=S)U{0}uUS.
Then the pseudo-restricted algebra
g:= g(\IIh L)

and its complexification

2 = A(Wo, 1)
have the following properties:
(i) @ :=ww,, € Z2(8,3):
(ii) for each v € 3%, § is invariant to ¥, (vy) and
Wo = Wo()lg: 57 — B
s a hermitian map;

(iii) the subspace

p=2Ag ((—=S)u{0})

18 a complex polarization of g in @.

PROOF The property (i) follows by Theorem 9.10, after remarking that
(37)% ~ 3 as a consequence of the fact that 3 is finite dimensional.

Next, the fact that g is invariant to Wy (vy) for all v € 3# follows by either
Proposition 9.1(v) or Lemma 9.11 (the latter argument using the fact that

we have [Ran Uy, Ran W] = {0}). To see that Uy € B(3#, B(2)) is hermitian,
first use Proposition 9.1(vi) to deduce that there exists a linear isometry

v A — Ax B(;,A)
such that for each v € 3# the diagram
A —2 9 x B, A%)
@o(v)l l‘PO(V)XMw()(w)#

A —Y 9 x Bz, A%)
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is commutative, where we denote as usual
My, (e B 94#) — B3, %4%),  x = Wo(1)* ox.

Since W () is a hermitian operator, it easily follows that Wo(y) x My, 4)#
is hermitian (use Proposition 9.1(vii) for f(z) = €'** with ¢t € R), and then
the above commutative diagram and the fact that v is isometry show that
the operator Wy(y) is hermitian as well. Thus the desired assertion (ii) is
completely proved.

To prove (ii), first use Lemma 9.11 once again to deduce that

(Vv €37)(Ya,be ) B(To(v)a,b) = —(a, To(y)b).

On the other hand, the above commutative diagram implies by Proposi-
tion 5.18(b) that

ow (Vo) C ow (To(-) x My,(y#) = ow(¥o) C (—S) U{0}US.

But
Ay, ({0}) = () KerTo(y) (by (5.14) in Example 5.25)
v€#
= ﬂ Ker Uy (y) (see Remark 9.2(a)),
YEFH
hence
Ay, ({0}) = (] Ker ¥y (9.5)
vE#
whence

w(Ag, ({0}), 245, ({0})) = {0}
(See the definition of @ = wy, , in Remark 9.8.) Now Proposition 5.21 shows
that

w(p,p) = {0},
with p = ﬁl@o((—S) U {0}) as in the statement.
Next, Corollary 6.3 implies that p is a complex subalgebra of 5[, p is com-
plemented in 2, p+p =2, pNp =h+ih and [h, p] C p, where

hi=gNAg, ({0}) = () Ker¥(
Y€

by (9.5), and a — @ denotes the involution of 2 whose fixed points are the
elements of g.

To complete the proof of the fact that p is a complex polarization of g in
w, it only remained to show that

h={reg|w(rg) ={0}}
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To this end, recall that

CNU:W‘IH,L: ngx’gv_’jv (l',y) = <L_1(\I/1(-)£L'),y>
(cf. Remark 9.8). Hence

M Ker¥:(7) € {o €3 | 3.8 = {0}}.

vE#

To prove the converse inclusion, let x € g such that

(vyeqd) (T (Wi()r).y) =0.

We have Ran: C g(V¥y,t) = g (see Proposition 9.1(ii)), and Rant is dense
in g because ¥ = 1 and Ker: = {0}. Hence g is in turn dense in g, and
then the above equality implies that (=1 (¥;(-)z) = 0, whence ¥y (-)z = 0.
Consequently € (] Ker ¥y(v), and the proof is finished.

ves#

9.3 Kahler polarizations

Now we are going to refine Theorem 9.12, in the sense that we require
polarizations satisfying the positivity condition described in Definition 6.10.

The proof of the density assertion in the following statement turns out to
be rather involved, thus reflecting the fact that the topology of the pseudo-
restricted algebra 2A(Wy,¢) is in general stronger than the one inherited from
the norm topology of 2.

PROPOSITION 9.13 Let A be a complex Banach-Lie algebra and pick
L € B(A# ) with Kert = {0} and Rant a dense ideal of . Also let 3 be a
finite-dimensional real vector space, and Wo € B(37,Der(A)) hermitian with
[Ran g, Ran ¥y] = {0}. If

(Vv es¥)  To(y)or=—1oWp(y)*
and there exists a closed convex set C' in 3 with (—C)NC =0 and
ow(¥o) C (=C) U{0} UG,

then Ran ¢ is a dense ideal of the pseudo-restricted algebra A(Po, ).

PROOF First note that since [Ran ¥y, Ran ¥y] = {0}, it follows that the
pseudo-restricted algebra 2 := (¥, ) is invariant to ¥q(7y) for all v € 37,
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according to Lemma 9.11. Then the implication (iii) = (ii) in Proposition 9.1
shows that Ran: C 2. Since Ran: < 2, we have also Ran: < A Tt only
remains to prove that Ran is dense in 2A.

To this end, first recall from the proof of Theorem 9.12(ii) that the map

Uo = Uo(-)|5 € BG7, Der(2))

is hermitian. The hypothesis also implies that [Ran ¥, Ran \Ilo] = {0}. Then,
according to Example 5.25, there exists a multiplicative map Ve &' (3,BA))
such that \I/|3# = U,. For the same reason, there exists a multiplicative map
U e &(3,B(A)) with Ul,» = V.

If 5: 2 — A denotes the inclusion map, then Ker j = {0} and Ranj = A is
dense in 2 (because we have already seen that Ran: C 2, and Ran ¢ is dense
in 2 by hypothesis). We then get by Proposition 5.18(a)—(b) that

supp \II% =supp¥ = supp ¥ C (—C) U {0} UC, (9.6)

where \I/f, € &'(3,B(A7)) is defined by f +— U(f o N)#, with N: 3 — 3,
Z > —2.

Now, since C is a closed convex subset of 3 with C'N(—C) = 0, there exists
Yo € 37 such that igf Yo =: ¢ > 0. Pick ¢y € R with 0 < ¢y < ¢. Then

Uy (=) U 0) = <vo—1<<—oo —CO] U leo, o))
(70)( U [co, 00))
\1/(%)( 0, —Co ) + Q[\I/(fyo)([607 00))
- Ran( (70)?).

But for each y € 2 we have ¥(vo)y = ¢(v) for some v € A#, hence

U(70)%y = (¥(y0) 0 t)v = —(10 ¥(y0)#)v € Ran..

In other words, B
Ran (¥(79)?) € Ran,

and then _
A ((—-C)UC) C Ran.. (9.7)

On the other hand,
(A (£C)) S Ap(FC) and (AT, ({0D) S Aw({0})  (98)

by Remark 5.19, because we have by the hypothesis that Uo(y) ot = 1o ¥g(yo
N)# for all v € 3% U {1}. Since

wt =, (—0) +ot, ({o}) + 2%, (0),
A = Ay (C) +2Ae ({0}) +2Ae(=C)
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(by the above relation (9.6) and Theorem 5.14) and ¢: A% — 2 has dense
range, it follows by (9.8) in particular that L(Qlﬁ# ({0})) is dense in g ({0}).
N

Then Remark 9.2(a) shows that L(Q[ﬁ# ({0})) is dense also in 5{5,({0}) Now,
N

since

A=A ((—C) U C) + Ay ({0})

(again by the above relation (9.6) and Theorem 5.14), it follows that Ran¢ is
dense in 2, and the proof is finished. I

REMARK 9.14 The proof of the above Proposition 9.13 actually shows
that

(A, (20)) = A3 (£0) and A = o(A7, (5 {01)) + A5 ({0}).
See also Remark 2.11 in [Be0ba].

Now we are sufficiently equipped to construct complex polarizations satis-
fying the positivity condition (C5) in Definition 6.10. (See the property (iii)
in the statement of the following theorem.)

THEOREM 9.15 Let g be a canonically involutive Banach-Lie algebra
with the compleification A, + € Cf (g) and 3 a finite-dimensional real vector
space. Assume that

T, : 3% — Der(g)

has the property that, for some spectral measure E on 3 with values in B(2),
we have

(¥ € %) i\Ill(v):/v(z)dE(z) and Wy(7) ot = —10Wy(7)%,

Also assume that the Banach space underlying to g is reflexive and there exists
a compact convez set C in 3 such that (—C)NC =0 and

supp E C (-C)uU {0} U C.

Then the pseudo-restricted algebra g := g(¥1,t) and its complezification 2A
have the following properties:

(1) & = w‘l’lyb € Zg(a’ﬁ);

(ii) for each Borel subset ¢ of 3, 2 is invariant to E(§) and
E() = E()ly

15 a spectral measure on 3 with values in B(ﬁl) ; and
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(iii) the subspace

p:=E((-C)uf{o})2

is a complex polarization of § in & and, for each y € p\ E({O}, we
have

where y — § stands for the involution of A whose set of fized points is
g.

PROOF The remark made in the end of Example 5.26 shows that for some
equivalent norm on 2, the map ¥, := i¥; € B(3#,B(A)) is hermitian, hence
Theorem 9.12 applies and we deduce that the assertion (i) holds.

The assertion (ii) easily follows by Proposition 5.27, taking into account the
commutative diagram used in the proof of Theorem 9.12 above.

The fact that p is a complex polarization of g in @ follows by the similar
assertion in Theorem 9.12.

To prove the last assertion from (iii), we consider the spectral measures

E* EY: Bor(3) — B¥), E*(6):= E(0)*, E¥():= E(-0)".
Then the hypothesis together with Remark 5.28 imply that
(V6 € Bor(3))  E(6)ot=10E%(5) = E(6)o.
Next note that by Remark 9.14,
L(RanEﬁ(:I:C’)) = Ran E(+0).
Thus, in order to prove that
(vy e p\ E{ONA) i@y 5) € —R%-C, (9.9)

it suffices to prove that

(Vv € Ran E%(~C) \ {0}) iw(e(v),(v)) € =R% - C.

Let us fix v € Ran Eﬁ(—C’) \ {0} and note that since ¢(v) € Ran E(—C), we
have

(Vyes®)  iWi()() = /’V(Z)dE(Z)(L(v))-

-C
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where the third equality follows since :# = 1. Hence for every v € 3% (ex-
tended to a complex-linear functional on the complexification of 3) we have

V(1w (e(v), 1(v))) = (0, 1W1 (7)e(v)) = /V(Z)@,E(dZ)L(v))

—C
= [ 1@ B W) = [ 16 Edilo)
-C -C
= / V() E# (dz)0, . E% (dz)v).
-C
Thus
i0(u(v), (v)) = / 2(E#(d2)v, L BT, (dz)v). (9.10)

-C

But for each Borel subset § of —C we have E#(6)o = EZ,(5)v by Remark 5.29,
hence

(E*#(8)0, .EF; (6)v) = (EX(8)v, B (8)v)) >

o EZ@G)0)l?,

=|~

according to inequality (7.8) in Remark 7.25. Consequently, we have in (9.10)
an integral with respect to a non-negative measure. Since —C' is a closed
convex set and Eﬁ(—C)v = v, it then follows by (9.10) that

i&(1(v), o(v)) € (E#(=C)0, LB} (—=C)v) - (=C) = (8,1(v)) - (=C) R} -(=C)
by inequality (7.8) in Remark 7.25. This finishes the proof of (9.9). I

We now think it worthwhile to show how the preceding constructions look
in the situation of L*-algebras, where the equivariant monotone operator ¢ is
surjective (compare Proposition 8.22).

EXAMPLE 9.16 Let g be a compact (i.e., canonically involutive) L*-
algebra with the scalar product denoted by (- | -). The complexification of
g will be a complex L*-algebra 2, whose scalar product is denoted again by
(-]-). We also consider a finite-dimensional real vector space 3.

We perform the usual identification of g to its topological dual g#, by means
of the scalar product (- | -). In other words, we set g% = g with the duality
pairing (-,-): g x g — R given by (- | -). Then the operator ¢ = idg has all of
the properties needed in Theorem 9.12.

Next consider ¥;: 3# — Der(g) such that [Ran ¥y, Ran ¥;] = {0} and

(vy€3%)  Wi(p)# =-Ti(y).
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In other words, Ran ¥; is a commuting set of skew-symmetric derivations of
g. Then, for
Vo :=iVi(-) € BGT, B()),

Ran ¥y will be a commuting set of self-adjoint operators on the complex
Hilbert space 2, hence ¥y is automatically a hermitian map. In fact, there
exists a spectral measure E on 3 with values orthogonal projections on 2 such
that

(Wyes#)  il(y) = / Y(2)dE(2)

(see e.g., Theorem 10.3 in Chapter IV in [Va82]).
On the other hand, since ¢ is surjective, we have g(¥1,t) = g (with an
equivalent norm). Then

Wyt G X g3, (z,y) = (P1(-)z | y),

and we have wy, , € Z2(g,3) either by Theorem 9.10 or by direct checking,
using the fact that g is a canonically involutive L*-algebra and the values of
¥, are skew-symmetric derivations of g.

Now assume that there exists a compact convex subset C' of 3 such that the
sets —C, {0}, C are pairwise disjoint and

suppE C (-C)u{0}uC.
It then follows by Theorem 9.15 that
p:=Ran E((-C) U{0})

is a weakly Kéahler polarization of g in the 2-cocycle wy, ,.
Next let o € 37 such that 4o(C) C (0, 00), and denote

Ao :=Vo(r0) € B3A).

Then Ay is a self-adjoint operator on 2 and, denoting by E4, the spectral
measure of Ag, we easily get

o(Ag) = (=70(C Nsupp E)) U ({0} Nsupp E) U ((C Nsupp E)),
and

Ran E4,(£70(C)) = Ran E(+C) and Ker 4g = ﬂ Ker Uy ().

vE#

On the other hand, the preceding arguments with 3 replaced by R - vy show
that p is a weakly Kéahler polarization also for the cocycle w},"l’b € Z%(g,R)
defined by

wy, 8% 8= R (z,y) = (Fi(y)z | y).
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We now show that p is actually a strongly Kéhler polarization of g in the
cocycle w%om € Z2(g,R). To this end, denote

hi={recg|lwy (z,9)={0}} = ﬂ Ker ¥4 (y) = (Ker Ag)Ng = Ker ¥4 (7)
v€s#

and perform the identification g/h ~ h+ C g. Since Ker Ay = h+1ib, it follows
that the orthogonal complement of h in 2 is Ran Ay = Ran E4, ((—C) U C),
hence

(Veebt Cg)  [[i(y0)z]? = e [lz]?,

where ¢ := inf~o(C) > 0. It then follows that the operator Wi(vp)|p- has
closed range. On the other hand Ran (¥ (vo)|y+) = Ran ¥y (7o) and h* is the
closure of Ran W1 (7p), hence Wy (y9)[y+: bt — bt is an invertible operator.
And this fact implies that

bt — (bH)*, 2z (Vi(y)z|-)

is a topological isomorphism. In other words, p is a strongly Kéhler polariza-
tion of g in wy’ | € ZZ(g.R).

We now formulate a problem concerning the preceding constructions of
complex polarizations.

PROBLEM 9.17 Is it possible to extend Theorems 9.12 and 9.15 (or
at least Example 9.16) to infinite-dimensional real Banach spaces 37 Note
that no additional condition is imposed upon the real Banach space 3¢ in
Theorem 9.10 and Definition